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Abstract

We study a semi-random (R&dl nibble) variant of the random greedy independent set algorithm to
construct a large independent set in a hypergraph. Let r > 2 be a fixed integer and let H be a r-
uniform N-vertex hypergraph satisfying that each vertex is contained in at most D edges. Assuming
min{ N""'/D, D} > f for some f > (log N)¢ with ¢ > 0, we prove that if H satisfies some degree and
codegree conditions, then with high probability there are Q(N (%)ﬁ) vertices in the independent
set constructed by the algorithm.

A key improvement of this semi-random variant compared to Bennett and Bohman’s previous random
greedy version is that we replace their requirement of H being D-regular by the maximum degree condi-
tion. We also prove that the independent set constructed by this algorithm has various pseudo-random
properties, including those needed for applications in Ramsey theory. And we prove that the same holds
for a random subhypergraph, i.e., the above properties remain true in the sparse setting.

1 Introduction

A hypergraph H is a pair of finite sets (V, E), where V3 := V is called the vertez set of H and Ey = E
is a collection of subsets of V and called the edge set of H. An independent set of a hypergraph H is a
vertex-subset of V4 that contains no edge of H.

Numerous problems in combinatorics can be stated in terms of independent sets in hypergraphs. For
example, let a hypergraph H have vertex-set [n] and edge-set the collection of all k-term arithmetic progres-
sions in [n]. Then the famous Szemerédi’s theorem [23] says that the independent number of such hypergraph
is o(n). For more examples, see the recent breakthroughs using hypergraph containers [4, 20]. For this reason,
lots of efforts have been put in to construct large independent set in hypergraphs (see, e.g., [1, 14, 6]).

In 2013, Bennett and Bohman [6] studied the behavior of a random greedy independent set algorithm
applied to given (deterministic) hypergraph #: the algorithm is defined by starting with an empty vertex-
set and then iteratively adding one vertex of H at each step, chosen uniformly at random subject to the
constraint that no edge of H is formed. They prove that if an r-uniform N-vertex hypergraph H is D-regular
and satisfies some more conditions, then the algorithm with high probability provides an independent set of
size Q(N (%) = ). Let I; be the independent set constructed at i step of the algorithm. They also proved
that for a vertex set W of constant size containing no edge of H, the distribution of W C I; obeys some
pseudo-random properties for each 1.

In this paper we extend their result: we relax regularity condition to maximum degree condition. Fur-
thermore, we obtain additional pseudo-random properties, which allows us to prove bounds on some types
of Ramsey numbers. For example, this way we obtain the following result (which seems hard to obtain from
a direct analysis of H-free process).

Corollary 1 (Sample application: pseudo-random K-free subgraphs). Given s > 4, there exist & = &o(s)
such that for all 6,7 € (0,1], £ € (0,&] and L > Lo(6,7,&, H), the following holds for all n > ny(d,+,&, L)

*Department of Mathematics and Mathematical Statistics, Umea University, Umea 90187, Sweden. E-mail: he.guo@umu.se.
Research supported by the Kempe Foundation grant JCSMK23-0055.

TDepartment of Mathematics, University of California, San Diego, La Jolla CA 92093, USA. E-mail: lwarnkeQucsd.edu.
Research supported by NSF grant DMS-1703516, NSF CAREER grant DMS-1945481, and a Sloan Research Fellowship.



ec:introISET

thm:main

randomsubset

tly2balanced

with p = &n~2/+t) (log n)l/((;)_l). For any n-vertex graph F', there exists a Kg-free subgraph G C F on
the same vertez-set such the number of edges satisfies

eqgw] = (1+ 5)P€F[W]

for all vertex-sets W C Vg with |W| = fL(logn)lfl/((g)fl)nw“*‘l)} and eppw] > ,Y(IV;/\)'

1.1 Main result: Independent sets in hypergraphs

To state our main result, we need to introduce some hypergraph parameters. For r > 2, let H = (V, E)
be an r-uniform hypergraph with vertex-set V' and edge-set Ey C (‘T/) We define the maximum a-degree
parameter

= = A C
Ao=8o(H):= | max  [{eeBy:ACe), (1)

which counts the maximum number of edges of H containing any a-element vertex-set of H. Furthermore,
we define the somewhat technical maximum (r — 1)-codegree parameter

I(H):= max |{(e,e)EEyxEy:vee\e, v ee\e [ene|=r—1}
v,v €V ivF£v!

: (2)
which, for any two distinct vertices v,v" of H, is an upper bound on the number of (r — 1)-element “common
neighbor” vertex-sets S C Vi such that {v} US and {v'} U S are both edges of H.

Theorem 2 (Main Result). Fixr > 2. Let H = (V, E) be a r-uniform N-vertex hypergraph. For any 8 > 0,
there exist constants & ¢ > 0 (depending on B and r) such that the following holds. If H satisfies

AH)<D=1/f forl<a<r—1, (4)
I'(H) < D/f, (5)

for suitable parameters D and f that also satisfy
F>(ogN)¥  and min{Dﬁ, N/Dﬁ} > f8, (6)
then the semi-random independent set algorithm produces an independent set I CV of H of size
log f\ =1
ERNES 7
11> en (2% 7)

with probability at least 1 — N—«1),

Let V,, denote the binomial random vertex-subset of V, i.e., where each vertex of V' is included indepen-
dently with probability p.
Corollary 3 (Strengthening to random subsets of vertices). Fiz v > 2 and ¢ > 0. Then, for any 8 >0,

there exist constants &, ¢ > 0 (depending on 3, r and () such that for all p = p(n) satisfying D il <p<i
the following holds: after replacing the inclusion I CV with I CV,, the conclusion of Theorem 2 re-
mains valid.

The proof of this corollary is in Section 3.4.
Recall that a graph H is strictly 2-balanced if

€H71 eH/—l

’UH—2 UH/—2

for any H' C H with vy > 3. Tt is well-known that any graph H € § defined in (10) later is strictly 2-
balanced. The above definition and the following lemma can be generalized to k-uniform hypergraphs H that
are strictly k-balanced (see [9, Section 3]), which serves as an important class of hypergraphs for applications.
We record this fact for later reference, and include the proof in Appendix A.1 for completeness.

Lemma 4. Let H be a strictly 2-balanced graph with minimum degree at least two. Then there exist con-
stants 7, A,ng > 0 (depending on H) such that, for any n > ng, any subhypergraph H C Hy with vertex-set
V(H) = V(Hu) satisfies the assumptions (3)—(6) of Theorem 2 with r = ey, D := An*" =2 and f :=n".

eq:def:adegr

eq:def:codeg

eq:assumptio

eq:assumptio

eq:assumptio
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1.2 Pseudo-random properties and Applications
1.2.1 Pseudo-random vertex-distribution

As another application illustrating the pseudo-randomness of the constructed independent set I, the following
result essentially states that each vertex is included into I with approximately same probability and there is
some independence among them.

Theorem 5 (Pseudo-random distribution of the independent set). Fizr > 2 and L > 1. Let H = (V, E) be
an r-uniform hypergraph satisfying the assumptions of Theorem 2. Then, for all W C V of size |W| < L
that do not contain an edge of H, the independent set I constructed by the semi-random independent set

algorithm satisfies
1
Wl log f\ ™" [sartmmiverte
PW CI) = (1+0(1))o with  p:=¢ D , (8) |eq:thm:verte

where &, f, D > 0 are as in Theorem 2.

Note that the estimate (8) intuitively says that we can think of T as a random subset of V3, where each
vertex is included independently with probability p. This estimate allows us to transfer Second Moment
Methods proofs for such random subsets to the semi-random greedy independent set algorithm. To illustrate
this, we consider a t-uniform hypergraph G on the vertex-set of H, and let Xg := |E(G[I])| denote the
number of edges in G that are completely contained in the independent set I constructed by the semi-random
independent set algorithm. The following corollary of Theorem 5 says that the number Xg of these edges is
concentrated around its mean under fairly natural conditions (note that edges of G that are contained in H
can impossibly be contained in the independent set I).

Corollary 6. Fix r,t > 2. Let H = (V, E) be an r-uniform hypergraph satisfying the assumption of Theo-
rem 2. Let G be a t-uniform hypergraph on the vertex-set V', such that no edge of G contains an edge of H.
If IE(G)] - 0" — 00 and Ay(G) = o(|E(G)| - 0*) for 1 < a < t — 1, then with high probability (i.e., with
probability tending to one as N — 00) we have

Xg = (1+0(1)[E9)]¢, (9) |eq:cor:pseud
where &, f, D > 0 are as in Theorem 2, and o0 = o(&, f, D,r) > 0 is defined as in (8).

The proof of this corollary is by a second-moment argument and is given in Section 5.

1.2.2 Construction of pseudo-random H-free graphs

Let § be the collection of all graphs that are either a complete graph K, with £ > 4, a cycle Cy with £ > 4,
a complete bipartite graph K, , with a > 4, or a hypercube QF with odd k > 5, i.e.,

§im {Kei =4} U{Cri 02 4} U{Koasa >4} U{Q" s0dd k> 5}, (10)

As a general form of Corollary 1, we have the following theorem as an application of the pseudo-randomness
in the constructed independent set.

Theorem 7 (Pseudo-random H-free graphs). Given H € §, there exist o(H) such that for all 6,7 € (0,1],
€€ (0,&)] and L > Lo(8,v,&, H), the following holds for alln > ng (6,7, &, L) with p := én~(va=2)/(en=1)(Jog n)/(ea=1),
For any n-vertex graph F, there exists an H-free subgraph G C F on the same vertex-set such the number of

edges satisfies
eaiw) = (1 £0)permw (11) [eq:thmpseudo
for all vertez-sets W C Vi with |W| = [Ln@n=2/(en=1)(log n)1=1/(n=D7 and epppy > ().

We provide the proof of Theorem 7 in Section 4.2.
We can restrict the H-free graph G to be in Fj.

Corollary 8. Given H € § and ¢ > 0, there exists & = &y(H,() > 0 such that for all §,v €
€€ (0,&) and L > Lo(6,7,&, H), the following holds for all p = p(n) satisfying n~ (v =2)/(en—1+¢ <
after replacing the inclusion G C F with G C F),, the conclusion of Theorem 7 remains valid.

(0,1],
p<1:

We give the proof of Corollary 8 in Section 4.4.
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1.2.3 Applications in Extremal Combinatorics

One can naturally extend the auxiliary hypergraph Hp r discussed for graphs to k-uniform hypergraphs.

It is well-known (see [6, Section 2|) that H, , ) satisfies the assumptions of Theorem 2 for a large family

of k-uniform hypergraphs H, where KT(Lk) denote the complete n-vertex k-uniform hypergraph with vertex-
set V(KT(Lk)) = [n] and edge-set E (K,(Lk)) = ([Z]). A k-unform hypergraph H is called strictly k-balanced if
(er —1)/(vr — k) < (eg — 1)/(vyg — k) for all induced subhypergraphs F' C H with vp > k.

Lemma 9. Let H be a k-uniform hypergraph that has minimum degree at least two and is strictly k-balanced.

Then there exist constants T7,A,ng > 0 (depending on H and k) such that, for any n > ng, any sub-
hypergraph H C Hyg with vertex-set V(H) = V(H satisfies the assumptions (3)—(6) of Theorem 2

with D := An"#~F and f :=nT.

H,K,(f))

The graph Ramsey number R(H,G) is the minimum number n such that for any red and blue edge
coloring of a complete graph K, there is either a red copy of H or a blue copy of G. Bohman—Keevash [8]

tleg—1)/(vg—2)
Tog DET=270m = )+ We can

prove that when H is a fixed complete graph or a cycle, then R(H, K;) = Q(

extend this result as an immediate implication of Theorem 7 for F = K.

Corollary 10. Given H € §, we have

tlea—1)/(va—2)
R(H,K;) =Q .

(]og t)(eH —2)/(ve—2)

The bipartite Ramsey number b(s,t) is the minimum number n such that for any red and blue edge
coloring of a complete bipartite graph K, ,,, there is either a red copy of K s or a blue copy of K ;.

Caro-Rousseau [11] proved that for fixed s, we have b(s,t) = Q((t/logt)**1/2). Bal-Bennett [3] im-
proved the logarithmic factor for s = 2 and obtained b(2,t) = Q(t*/2/logt). Noting that K5 is isomorphic to
C4, we extend the above results as an immediate conclusion of Theorem 7 for F' to be the complete bipartite
graph.

Corollary 11. For fized s =2 or s > 4, we have
b(s, 1) = Q((log HY25=2)(¢/10g t)<8+1>/2).

We actually prove something more general with weaker assumption than the one on W in Theorem 7.
See Section 4.2 for details.

1.3 Comparison with previous results

Regrading lower bound on the independence number of r-uniform hypergraphs, results were established by
Ajtai, Komlés, Pintz, Spencer and Szemerédi [1], extended by Duke, Lefmann and Rédl [14], and later on by
Bennett and Bohman [6]. In particular, Bennett and Bohman [6] get the following result.

Theorem 12 (Bennett—-Bohman [6]). Fizr > 2. Let H = (V, E) be a r-uniform, N-vertex hypergraph. For
any € > 0, there exists a constant & > 0 (depending on € and r) such that the following holds. If H is
D-regular and satisfies assumptions (4)—(6) with f = N€ and B = 1, then the random greedy independent

_1
set algorithm produces an independent set I C V' of H of size |I| > fN((log N)/D) =1 with probability at
least 1 — exp {fNQ(l)}.

Remark 13. For r = 2 case, their proof (due to oversight) actually uses the assumption N/Dﬁ > NP
for some B > 0, which is omitted in the statement of the theorem in [6]. For r > 3, this condition can
be obtained by the double-counting argument explained before. For the error probability, we can actually get
1 — exp(—f*M) in Theorem 2, which is same as Theorem 12 when f = N€.



They also prove with high probability, the output independent set I possesses some pseudo-random
properties.

An improvement in our Theorem 2 compared to Theorem 12 is that we do not require H to be D-regular,
but just have maximum degree at most D. Another strength is that we do not require the factor f in our
theorem to be some power of N, but just some power of log N.

Cooper and Mubayi [13] study the coloring problem in hypergraphs, and their result also implies a lower
bound on the independence number similar as Theorem 2.

2016coloring| Theorem 14 (Cooper-Mubayi [13]). Fiz v > 2. Let H = (V,E) be a r-uniform N -vertex hypergraph.
There exist a constant & > 0 (depending on r) such that the following holds. If H satisfies assump-
tions (3) and (4) for some parameters D,f > 1, then there exists an independent set I C V of H of

size [I| > €N ((log f)/D) ™.
Remark 15. They do not need the condition (5) and the bound on f.

An improvement in our Theorem 2 compared to Theorem 14 is that their result only holds for uniformity
r > 3 and just shows existence of the independent set without an efficient algorithm to construct it, while we
can construct such an independent set with high probability for all » > 2. And another strength is that we
study pseudo-random properties of the independent set, which is crucial for applications in Ramsey theory,
while they did not.

2 Semi-random independent set algorithm

tionofnibble

In this section we formally define the semi-random (greedy) independent set algorithm that we use to find
large independent sets in a given r-uniform hypergraph #. As we shall see, the main result Theorem 2 of
this paper follows from our main technical result Theorem 16 (see Section 2.5), which establishes various
pseudo-random properties of the semi-random algorithm. This in turn requires us to introduce a number of
auxiliary parameters, variables and definitions, which are spread across Sections 2.1-2.6.

We now start with a rough overview of the algorithm, since the formal details are somewhat technical.
To construct an independent set in a hypergraph H, the basic plan is to step-by-step build three kinds of
vertex-subsets of V3;: a ‘random-like’ set V; (union of random chosen vertices up to step %), an independent
set I; of H, and an ‘available’ set A; (the vertices which may be added to V;4; and ;11 in the next step),
satisfying

L CV, (12) |eq:sizeofEil

A; C {v € Vi \ Vi : there is no edge e € Ey satisfying e\ {v} C Vi}, (13) |eq:requireme

where we will intuitively have |I;| =~ |V;|, with I; having many features of a random vertex-subset of V3.

2.1 Auxiliary parameters

sec:aux

We start by introducing some auxiliary parameters. Set

o := (log f)~" and pi=1/2. (14) |eq:def:sigma

Deferring the choice of the sufficiently small constant £ > 0 to (37) in Section 2.6, with foresight we define
the total number of steps of the algorithm as

m = |€(log f)=7 /o). (15)

For 0 < i < m, we then define the parameters ¢; and m; as
goim e )
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and also define a ‘relative error’ parameter

i 1= (og )1 2 (13)

m

Note that m; is roughly o (starting with 79 = o > 0 will be convenient later on). Furthermore, since
f>1, for 0 < i < m the relative error 7; decays slowly from 1 — o((log f)~!o) to 1 — (log f)~1 =1 — o(1).

2.2 Details of the semi-random algorithm

We now turn to the details of our nibble construction. In step i = 0, we set I'g := &, and define

Ag:=Vy  and  Vp:=1I):=0o. (19)

Instepi+1with1 <i+1<m=[{(log f)fll/oj, we include each vertex v € A; into I'; 41 independently

with probability! ”
= o &
q 1

and then we set
Vier = ViU .

Note that I; UT; 11 may contain an edge of H, recalling that some (one vertex is not enough by (13) above)
vertices from I[';1; can form an edge with vertices in I;, as formalized by

By = {U CT41 ¢ there exists U C I; such that U U Ue EH}. (21)

We ensure that ;11 remains an independent set by alteration of I; UT';1: denoting by D;y; a maximal
collection of vertex-disjoint elements of B;y; (say the first one in lexicographic order to resolve ties), we set

L1 =1 U (rm \ V(DM)), (22)

where we write V(D;11) := UaeDHl a. With an eye on constructing the available set A;11 C A; \ T'iy1, a

close inspection of (13) reveals that we have to deal with some newly ‘closed’ vertices (i.e., vertices which
form an edge with some other vertices in V;41 = V; UT;11). With this in mind, for any vertex v € Ay and
integer j = 1,...,7 — 1 we introduce

Y,,;(i) ;= {W C Ag\ {v} : [W| =j, and there exists e € H such that (23)
def:setofYvj
vee, WCenNA;, and e\ ({v} UW) C V;}, @

where in this paper we shall (to avoid clutter) often use the abbreviation
Y, (1) =Y,109).

For technical reasons we increase the set of closed vertices via the random set S;;1, which is a random subset
of A; where each vertex v € A; is included into S;1; independently with probability

ﬁv,i —1— (1 o pi)max {(rfl)qi (71—:*2+g/’7r;“ax{r—3,0})Dﬁ,|yv(i)|’ 0} . (24)

For j =1,...,r — 1 we then introduce

Ci(j)1 = {v € A, : there exists W €Y, ;(¢) such that W C Fi+1}, (25) |eq:def:cCi+t
and define the ‘closed’ and available set of vertices as
Ciy1:= C-(Jlr)l U Siy1,

K3

Ai+1 = A \ (F7;+1 U CiJrl U U Cz(-jl-)1>7 (26) I@

2<j<r—1

1Our setup and assumptions will guarantee that we indeed have p; € (0, 1), see Remark 19 in Section 2.6.
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which ensures that A;;; satisfies the inclusion property (13). The purpose of adding the ‘self-stabilization’
set S;11 to Ciy1 is that we intuitively want to make the ‘closure’ probability

P(v & Cipr | Ai, Vi) =P(o & CL, | A, Vi) - (1= i)

_ (1 B pi)max {(T*l)q,; (ﬂ,:—2+gpﬂ.;nax{'r'73,0})Dﬁ ) |Y1;(’L)‘} (27)
equal for all available vertices v € A; (and thus independent of history), by keeping track of the upper bound
on |Y,(7)| = |Y,1(7)|; see equation (50) and Lemma 27 in Section 3.1.1 for the details.

To summarize: at this point we have constructed the three vertex-subsets Vi1, I;1+1, A;4+1 of Ag = Vyy,
and we iteratively repeat this construction until we obtain V,,, I,,, A,, at the end of the algorithm. In other
words, the semi-random algorithm constructs the independent set I := I,,.

2.3 Pseudo-random heuristic for the size of I,

In this section we give a heuristic explanation for size |I,,,| of the resulting final independent set I,,, based
on the heuristic that the vertex-sets A;, V; resemble some random subsets of Ay. In particular, our pseudo-
random ansatz is that every vertex satisfies

Plve V)~ —- and  P(ve A) =g, (28)

D1

where the different choices v € V; are independent. This heuristic suggests m; = o1, since 7y ~ 0 and

o
T ~ P(’U S ‘/i+1) — ]P(U S V;) ~ P(’U S Fi+1 | (IS AZ)]P(U S Az) N pigi = —,

Dr—1 D1
which is consistent with our definition (16) in Section 2.2. Recalling (13), the main requirement for v € A; is
that no edge e containing v satisfies e \ {v} C V;. Since the hypergraph H has maximum degree at most D,
our pseudo-random ansatz (combined with the Poisson paradigm) suggests that

a~PweA)~P( ) {e\{v}%%})z<1—( a )r_l)Dze_(Ui)Tl,

ec By :v€e D=

Ti+1 — T

Using the self-stabilization mechanism discussed around (27), we will intuitively be able to show that this holds
with > replaced by = (as one would expect if H was D-regular), which is consistent with our definition (17)
from Section 2.2. Together with |I,,,| = |V,,| (see the heuristic description below (13)) as well as 7, =~ om &

&(log f)r%l and |Ag| = |[Vy| = N (see (15) and (19)), this in turn makes it plausible that

Tm log f\ +=1
ol Vol S BV~ 3 B0 € Vo) Lol -~ N (557) 7

which is consistent with the conclusion of Theorem 2 in Section 1 about the size of the resulting independent
set I = I, (see Theorem 16 in Section 2.5 for a rigorous version of these heuristic considerations).

2.4 More auxiliary variables and parameters

We now introduce some additional auxiliary variables and parameters. Recall that our goal is to track |I,,]|.
As we shall see, this requires us to track |4;| and |V;|, which in turn requires us to bound the variables |Y,, ;(¢)|
defined in (23), which in turn requires us to bound the following auxiliary variables:

Ajo(i) == Jgi&noﬁﬁ:j A (i) with Ajge(i) = EEZJC Lie\nnvi|ze- (29)
e 1:JCe

In our (upcoming) somewhat crude bounds on these auxiliary variables we shall use the parameters
P:=D"1Q with Q:=f% ' (30)

where we intuitively think of P as an ‘inclusion probability upper bound’ (see (90)—(91) in Section 3.3)
and Q > (log £)'/"=1 as an ‘error term’.

eq:def:cDjel
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In this section we state our main technical result Theorem 16 for the semi-random independent set algorithm,
which implies our main result Theorem 2 and establishes various pseudo-random properties of the constructed
vertex-subsets (Ai, Vi, Ii, Fi, Si)Ogiﬁm of AO = VH

Our main interest concerns the following event, which controls the size of the final independent set:

T = {1l 0240 () 77, ) (et e

where the small parameter § > 0 is to be specified in Theorem 16. As discussed in Section 2.4, in order to
control |I,,| we need to control a number of additional random variables. To take this into account, for each
0 <17 < m we define the ‘good’ events

%1’ = .Al N yi ﬂ./\/;' N ,PZ and 369 = m 3€j, (32)
0<j<i

where the following events capture various pseudo-random properties of our algorithm:
A= {TiQi|AO| <Al < Qi|AO|}a (33) |eq:def:event
-1\ g
Y = {|Yv7j(i)| < (T . >q£7‘r;n_1_JDT—1 forallve Agand 1 < j <r— 1}, (34) |eq:def:event
J

N = {Aﬂ(i) < DT ot QU for all £ € N with 2 < j <7 — z}, (35)
P; = { Z Yo (i)nJ| < D%lf_lQQ"'_(H'l) for all distinct v,v" € Agand 1 < j <r— 1}. (36) | Gamma
JGYu,j(i)

Note that the bounds in (31) and (33)—(36) are consistent with the pseudo-random intuition derived
in Section 2.3; see (28) and also (30). For example, in (35) the variable A (i) is excepted to be less than
AJQT(Q/Dﬁ)Z, since there are at most A; edges f containing J, at most 2" ways to choose more than /¢
vertices from f in V; and each choice occurs with probability at most (Q/ DﬁyZ . For simplicity we here
discarded the constant 2" by crudely enlarging the Q° factor to Q**! in (35), which has negligible impact on
our arguments since there is some elbow-room when we use this auxiliary bound on A ().

We are now ready to state our main technical result regarding the semi-random independent set algorithm,
which concretely says that the pseudo-random events Z,,, and X<,, both hold with very high probability. By
considering the independent set I := I,,,, in view of the event Z,, from (31) and |Ag| = |V | = N we see that
Theorem 16 with § = 1/2, say, implies our main result Theorem 2, after rescaling £ in the lower bound (7)
on |I| = |I,,| by a factor of two, say. The simple proof of Corollary 3 is given in Section 3.4.

thm:boundofI | Theorem 16 (Main technical result). Fiz r > 2. Let H = (Vy, Ey) be a r-uniform N -vertex hypergraph
satisfying the assumptions (3)—(6) of Theorem 2 for some 3 € (0,1]. Then there are £,¢ > 0 (depending on
B and r) such that, whenever § > (log f)~! in (31), we have

P(Zp N X<rm) > 1— N"*W),

rem:step0| Remark 17. The event Xy = Ao N Vo NNy NPy holds deterministically.

2.6 Technical estimates and choices of constants &, ¢

sec:Choice

For concreteness, we now make the following choices of the constants ¢ and c:

B\ 2 -
£ = (ﬁ) and c:= ?)gri—l (37) |eq:defofxian

For later reference (see Section 3.4 and 4) we remark that our arguments work with any choice of £, ¢ € (0, o)

that satisfy
£< (5/(377"))ﬁ and c> 2/(3371). (38) |eq:cxismallc
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We have made no effort to numerically optimize these constraints, which lead to the following convenient
technical estimates (whose details can safely be ignored on a first reading: they are mainly for later reference).
Recall that p = 1/2 by (14).

Lemma 18. If the assumptions of Theorem 16 hold, then f — oo as N — oo, and the following estimates
are valid for all 0 < i < m:

max o”n? = o((log f)7?), (39)
z Yk z
—Gr<jhage<er’ D @ (log /)
min{f, f3, D7}
min{f%/2, Q} > log N. (41)

< [, (40)

Proof. Using (14)—(16), it is routine to establish estimate (39) by noting that

max o%71Y < 0P < (log f)~7/2. (2¢(log f)l/(’”*l))mn = o((log f)7?).

We next turn to estimate (40). Recalling (14)—(17) and (30), we have 1 > ¢; > ¢m > f¢ > 0,
Q= f%""and o ¥ = (log f)°W), so that

_B T j y k z < 7é+6r.£7“f1+6r_2£7'—1+0(1)
F7r g max ot (log f)* < f7> ~
The power of f in the last term above is strictly less than zero, since 36r¢"~t < 3 follows from (38).
Combining this with the bounds min{ f, Dﬁ} > f# and 0 < B < 1 from (6) establishes estimate (40).
Finally, note that (38) and f > (log N)¢ also imply that fg > f2’5T71 = @Q > (log N)*/3, which readily
establishes estimate (41). O

Remark 19. Lemma 18 implies that p; and P defined in (20) and (30) are well-defined probabilities, i.e.,
both satisfy p;, P € (0,1).
2.7 Concentration tools

In this final preparatory section we gather (for later reference) some variants of the ‘bounded differences’ con-
centration inequality and standard Chernoff bounds, which we shall later use to prove various concentration
bounds. On a first reading the reader may perhaps wish to skip straight to Section 3.

Theorem 20 (Bounded differences inequality). Let (€,)acz be a finite family of independent random vari-
ables with &, € {0,1}. Let f : {0, 1} = R be a function, and assume that there exist numbers (co)acz Such
that the following holds for all z = (24)acz € {0, 1} and 2’ = (2))aez € {0, 1} |£(2) — f(2')] < Cap if
Za = 2l for all a # ag. Define X := f((£a)acz) and X :=3 .7 2P(éq = 1). Then, for all t > 0,

P(X >EX +t) <exp (—;i) (42)

if the function f is decreasing (i.e., that f(z) < f(2') whenever z, > 2!, for alla € T).

Remark 21. Define C := maxqyc7 Co- If we drop the assumption that f is decreasing, then

eq:assumptio
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eq:BDImon

max{P(XglEX—t), P(XzEX+t)} Sexp<—2(>\i_20t)>. (43)

Remark 22 (Chernoff bounds). In the special case X = ) ;& we have C = ¢, = 1 and X = EX.
Standard Chernoff bounds (or applying (42)—(43) to the decreasing function —X ) then show that in this case
P(X <EX —t) and P(X > EX +1t) are at most the right-hand side of (42) and (43), respectively.
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For random variables with a special combinatorial form involving occurrence of events with bounded
‘overlaps’, we need the following Chernoff-type upper tail estimate, which is a convenient corollary of a more
general result by Warnke [26, Theorem 9]. Note that the exponent of (44) scales with 1/C.

Theorem 23 (Limited dependencies upper tail inequality). Let (£4)aca be a finite family® of independent
random variables with &, € {0,1}. Let (Ya)acz be a finite family of variables indexed by ordered pairs
a = (a1,az) with Yo = e, —1 for ail aca,y @nd BY o7 Yo < p. Define Zo := max)_ ., Y., where the
mazximum is taken over all J C T with maxaey [{& € J : an Néy # @} < C. Then for oll C,t > 0,

ep (nt+t)/C 12
P(Z- > t) < mi —_ ] 5. 44 :C
aezvrnzunf(12)" ol ) “

Remark 24. LetY := ) ., Ya. IfG is an event that implies {& € T : a1Néy # F, § =1 for all a € a1}| <
C forallao € T withY, >0 (i.e. £ =1 for alla € ay), then for u and Z¢ as defined in Theorem 238 we have

PY >p+tand G) <P(Zc > p+t).

3 Analysis of the nibble

The goal of this section is to prove our main nibble result Theorem 16, which as discussed implies our main
independence set result Theorem 2. To this end we shall prove the following auxiliary result Lemma 25,
which consists of the three separate estimates (45)—(47) below (and a minor refinement of its proof also yields
the stronger ‘random vertex-subset’ conclusion recorded in Corollary 3, see Section 3.4 for the details).

Lemma 25. Under the assumption of Theorem 16, with &, ¢ > 0 satisfying (38), we have

max P((—\yi_;_l U —|Ai+1) NNii1 ’ 369) < wa(l)’ (45) |eq:eventofYv

0<i<m
IP<—|(M NP;) for some 0 < i< m) < N—e@) (46) |eq:eventofCr
P(-Z, NX<p) < N, (47) |eq:eventofIt

Proof of Theorem 16 (assuming Lemma 25). Note that m = (log f)°) < N9M) by the assumed bound (6).
Hence, since Xy holds deterministically by Remark 17, in view of the good event X; = A; N Y; NAN; N'P; and
inequalities (45)—(46) we readily obtain that

P(—~X<m) < N~¢W 4 Z P(=Xip1 N N1 NP1 N X<y)

0<i<m

< N~ 4 Z IP’((—'yiH U-Air1) Wi ’ :{gi) (48)
0<i<m

< O(m) . N—w®) < N—W(l)7

which together with inequality (47) completes the proof of Theorem 16. O

Remark 26. In the proof of Lemma 25, the constraint N/Dﬁ > fP in (6) is only used in the proof of (47).
Hence, for any hypergraph H satisfying the assumptions of Theorem 16 except for that constraint, for any
choice of £, ¢ > 0 satisfying (38), we have

P(X<m) >1— N0,

The proof of Lemma 25 is spread across the remainder of this section, and its proof structure is as follows.
Before proving the crude bounds (46) for A; and P; in Section 3.3 (see Theorem 35), in Section 3.1.1 we prove
some preliminary lemmas regarding P(v € C;41) as well as a generalization form of it (Lemma 27 and 29),

2In this paper, every time we apply Theorem 23, each index « has its unique first coordinate oy, i.e., {& € Z: &1 = a1} = {a}.
Therefore in those cases we always identify o with ay, i.e., we use singletons directly rather than pairs as indices in Z.
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which reveal the technical benefit of the self-stabilization mechanism introduced around (24)—(27). At the
beginning of Section 3.1.2 we bound >~ . , Y, () N J| from above (Lemma 30), which turns out to be closely
related to the A term (57) used in later applications of the bounded differences inequality (see Theorem 20
and Remark 21). In the next part of Section 3.1.2 we then bound |Y, ;(i + 1)| from above (Theorem 31).
This one-sided bound is enough to show concentration bounds for |A;11| for 0 < ¢ < m in the second part of
Section 3.1.2 (Theorem 32) and for the size of final independent set |I,,| in Section 3.2 (Theorem 33), which
together establish the remaining estimates (45) and (47) of Lemma 25.

3.1 One-step analysis: events );,; and A;

In this subsection, we prove estimate (45) of Lemma 25, which concerns the auxiliary events A; and )); defined
in (33) and (34). To avoid clutter, we often omit the conditioning from our notations: we often write P(-) and
E(-) as an abbreviation of P(- | ;) and E(- | F;), where (F;)o<i<m is the natural filtration associated with
(A;, Vi, I,,T, Si)o<i<m, as usual. And we also assume that the F;-measurable event X<; holds. Note that
conditional on F;, by the construction of the random vertex-sets I'; 1 and S; 11, the (conditional) probability
space formally consists of 2|4;| independent Bernoulli random variables (1{yer,,,}s L{ues,1})uca,» With

P(u € Tip1) = p; = 0/(¢DY V) and P(u € Siy1) = pui (see (20) and (24) in Section 2.2).

3.1.1 Effect of self-stabilization: nearly equal ‘closure’ probabilities

In intuitive words, the following key auxiliary estimate (49) says that the ‘closure’ probabilities P(v ¢ Cj11)
are approximately the same for all vertices v € A;. Here the self-stabilization mechanism introduced
around (24)—(27) is crucial (see also (50) in the below proof): without this extra twist vertices with higher
degree would tend to be closed with higher probability (as they are more likely to be contained in edges
without this extra twist; cf. the heuristic discussion in Section 2.3). As we shall see, Lemma 27 and the
variant Lemma 29 below will often be used together with A; 11 C A; \ C;11 to estimate various expectations.

Lemma 27. For any vertex v € A; we have

i 3 max{r— 1 max{r—3,
Pv & Ciy1) — Qi+l o [— 5(7“ —D)o'*rr; { 3’0}, —5(7“ — D)o'*rr; {r=s.03) (49) |eq:estimatep
q

K2

Remark 28. The proof also establishes 0 < q; — qiv1 < q; - 0(071':_2) < o'%q; by (53).

Proof. Since X<; C Y; implies |Y,(2)] < (r — 1)q1-7r272Dﬁ, by definition of p, ; in (24) we have,

- max{r—3, ﬁ
Plo g Ciy1) = (1 7pi)|Yv(i)|(1 —Pui) = (1 - Pi)(ril)qi (Wi ormrt O))D . (50) | eq:probnotin

As we shall see, noting piqiDr%l = o, this identity eventually implies inequality (49) by elementary (but
slightly tedious) calculations; the reader may wish to skip the below details on a first reading.

Turning to the details, using that |(1 — z)* — (1 — kz)| < (5)2? for all k € [2,00) and z € [0,1], with (40)
we infer

‘P(U g Civ1) — (1 —(r— 1)0772_2 —(r— 1)014"’772““{“3’0})

(51) | eq:probnotin

o 2 _2(r—2) 2+4p,_r—2+max{r—3,0} 2+42p__2max{r—3,0}
=0 (O’ ; + o7, +o ; .

We now claim that

’1 —(r=1)on 2 - di+1 <g?. O(Wf(T_Q) + ]l{r>3}7rir_3), (52) | eq:probnotin
4qi -

which together with (51) establishes inequality (49) by a short calculation (using m; = O(log f), o = (log f)~°"

and p = 1/2). Turning to the proof of (52), using Taylor’s Theorem and q(t) := !

and 7; = (i 4+ 1)o it is routine to check that

, in view of ¢; = ¢(io)

2
qi — Giv1 +oq' (io)| < 7 max l¢" ()] < o? - O(ﬁf(r72) + ]1{7‘23}71':73) - q;. (53) |eq:probnotin

2 niioc<n<(i+1)o
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Furthermore, by the Binomial Theorem and 7; > o we have (using the standard convention 0° = 1)

! 0 — — r 7‘
’aq (q ) (= =Dem2)| = (= Vo |(m — )2 = 7172 = 1) 007 %), (54)
Dividing (53) by ¢;, now inequality (52) follows readily, completing the proof (as discussed). O
Lemma 29. For all1 < j <r —1 and distinct vertices wi,...,w; € A;, we have
J J 1 max{r—
]P’(wl, cee, Wy € Ci-i—l) S (qq+1> (1 — gO’lerTri ax{ 370}). (55)

Proof. The case j = 1 follows from Lemma 27 and the fact ¢;11/¢; ~ 1 (see Remark 28).
We henceforth assume j > 2, which enforces r > 3. Similar to (50), using inclusion-exclusion, we have

J
P(wi,...,w; € Cit1) =(1 — )‘le(l ¥, (0] H (1 = Puy,,i)

J
<(1 —pi)721£s<tsj Yo, ()NYw, (D], HIP’(we Z Cit1).
=1

Note that X<; C P; implies Yy, (1) N Ya, ()] < X jey, | [Yao () N J| < D71 F1Q* 2 =ty for 5 # t, and
that p; -y < al+p7rmax{T 30F = 5(1) by (39)-(40) in Lemma 18. It follows that

J
]P’(wl, S, Wy Q Cz+1) (1 + O( 1+pﬂ_;nax{r73,0})> HP(U)@ §_Z Ci+1),
=1
which in view of Lemma 27 and ¢;1+1/¢; ~ 1 (see Remark 28) routinely establishes inequality (55). O

3.1.2 Events );;1 and A;;;: partial neighbors and available vertices

Conditional on F;, the random variables that we shall consider later on will be of form

X = f((]l{veFin}’ ]l{UESi+1})U€Ai>7 (56)

where (Lgyer, 1, L{ves,i1})vea, are Bernoulli random variables with P(v € I'y4q) = p; = o/(q: DV ~D)
and P(v € Sit1) = Pu; < 1 (see the discussion at the beginning of Section 3). In many cases we will use
the bounded differences concentration inequality (see Theorem 20 and Remark 21) to bound the tails of the
random variable X of form (56). For this purpose, we need to consider the following two parameters: we
define the vertez-effect c, as an upper bound on how much X can change if we modify the indicator 1¢,er,,,}
(alter whether v is in I'; 41 or not), and the stabilization-effect ¢, as an upper bound on how much X can
change if we modify the indicator 1y,eg,.,1 (alter whether v is in S;;; or not). For convenience, we will
frequently estimate the associated parameter A from Theorem 20 via

A= "Epit+ Y Epi<p Y A+ Y E (57)
vEA; VEA; vEA; vEA;
which can often be further bounded by bringing the following double-counting based estimate into play.
Lemma 30. If X<; holds, then 3, . o [Yu(i) N J[ < (r — 1)gim~ 2D | J| for any J C Ay.

Proof. For u € A;, note that w € Y, (i) implies u € Y,,(i). Hence

SN I =D Twevay < D D Luevuy < D [Ya(d)

u€A; weJ ucA; weJ ucA; weJ

which completes the proof, since |Y,(?)| < (r — 1)g; 7} 2D by X<; C Y. O
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After these preparations we are now ready to prove estimate (45), and we start by bounding the number
|Y,,;(i + 1)| of partial neighbors from above, cf. (34). Here the basic proof idea is to bound |Y, ;(i + 1)| via
several more tractable auxiliary random variables (see (58) below), which in turn can be bounded by the
concentration inequalities from Section 2.7 (with some technical effort) .

Theorem 31. We have P(=Y; 11 N Niy1 | Fi) < N=M) when X<; holds.

Proof. As discussed, we shall henceforth omit the conditioning on F; from our notation. Fix 1 < j <r—1. In
intuitive words, a set W of size j is in Y, ;(i+ 1) only if it either (a) ‘stays’ in Y, ;, or (b) ‘newly enters’ Y,, ;.
More formally, W € Y, ;(i + 1) implies that either (a) W € Y, ;(i) and W N Ci41 = @, or (b) there is
some U’ €Y, ;,(4) with U' D W and U’ \ W CT';4;. It follows that

Yo, (i +1)] < 2: Liwnc, =01 + E: 2: Livcri,,y-
WEY,,; (i) JH1<k<r—1(U,U"):U’€Y, 1 (3),UCU’,|U|=k—j (58)
=Yy, —V
Note that the right hand side of (58) reduces to Y,'; for j = r — 1. Since X<; C Y implies [Y, ;(i)] <
( )ql , 1= D+ | invoking Lemma 29, we obtain
-1 i r—1—j J % J 1 max{r—
EY,; < (T . )Qfmr Sipv. (—q H) (1 — Cgltegmaxt 3’0}).
J ' i 8 '
Furthermore, since X<; € Y; implies |V, x(i)| < (7, 1)qZ rel-kpty T it routinely follows (substituting s =
k — j in the last equality) that
. k k—j
Z EY, v] k = Z |Yv,k(7’)| k— p;
k=g +1 Jr1<k<r—1 J
< Z r—1 gFnr kDT k ph= (59)
= )4 k—j)bi
JH1<k<r—1
r—1\ ;. . i r—1—7\ o ro1-j—s
= ( j >QgD"'1 Z ( 5 >0’ , 17,
1<s<r—1—j
Expanding 7, "7 =]/ — ((m + o) — w;_l_j) via the Binomial Theorem, it follows that
EY* EY+ r—1 r—1—j D’“— 1/(r—1 1+p al 1—j+max{r—3, O}D
vg T+ Z vk S ; qz+17rz+1 ) : qz+
, J J
J+H1<k<r—1 (60)

r—1 r—1—J4\ 5 » s
+(j)(q —al)D7 Y ( s >”1j

1<s<r—1—j
With the intention of simplifying these expressions, our next aim is to show that the last term of (60) is
negligible compared to the second last one. Using that ¢; ~ ¢;+1 > qi(l — O(U?TZ—2)) by Remark 28, and
that on] ~? < 1 by (39), it follows that

, , , N
@~ =a (1= (%)) < dly0lom ). (61)

qi

With an eye on the sum (60) and the above estimate (61), note that m; > o implies on! =2 - o7, 177 <

o2n I3 for all 1 < s <7 — 1 — j (which in turn also enforces r > j + 2 > 3). Putting things together,
using p < 1 it follows that

r—1—

r—1 ! r—1-— r— s max
( ; )(q qz-',-l)DT T Z < . J> s r—1—j— <<Ul+pql+lﬂ_r 1—j+max{r— BO}D

s=1
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In concrete words, this establishes that on the right-hand side of (60), the last term is indeed negligible
compared to the second last one (as intended). Defining with foresight

1 r—1 14p 3§ T 1—j+max{r—3,0}
= D1 62
16r ( j ) Tm (62)

in view of estimates (58)—(60), the above discussion and (34), for the proof of Theorem 31 it thus remains to
show that

max [r(yv*j SEY; )+ PV, 2B+ tand Nm)] < N~ (63)
jH1<k<r—1

For the upper bound on Y, in (63) we shall use the bounded differences inequality (Theorem 20), which

requires us the to bound the parameter A from (57) associated with Y*;, i

A<pi Y+ > e (64)
u€eA; u€A;

The vertex-effect ¢, (an upper bound on how much Y, changes if we alter whether u € I'i11 or u & I';41)
satisfies ¢y <3 ey, () |Yu(i) N J|. Using X<; C Py, by Lemma 30 and the estimate from (34) for [V, ;(i)|

it thus follows that

YooY Y mendg= Y Y W) nJl <O DT gl 2D,

u€A; u€A; JEY, ](7,) JEY, (i) u€A;

Furthermore if w # v, then using X<; C P;, we may apply the estimate from (36) to obtain ¢, <

D71 f~1Q%* =G+, In the case u = v, we claim that ¢, = O(g;77 2D 71 ) holds, which in case of j = 1 is
immediate from X<; C Y; and (34), since then

TS
< Y I@ONJl= Y D> Lpu=us = Ya())] = Olgim; >D71).

JEYy,1(1) w1 €Yy (1) w2 €Yy (4)

In the case 2 < j <r —1, using X<; C ); NN; and (34)-(35), we obtain that

S50 Y Lmw SV Az (i) = Olgint 2D7 T f71Q7Y),

JEY, ;(i) w1 €J wa€Y, (i)

since for any w € Y, (i) with w € J for some J € Y, ;(i), there is an edge e € Fy containing {v, w} with
l(e\ {w,v})NV;| >r—j—1 (as v # w must hold when w € J € Y,, (i) by definition (23)). The number of
such edges is at most Ay ,_;_1(7) (see (29) for definition of this parameter), and each such edge can contain
at most one element from Y, ;(i). Noting that (40) and 8 < 1 imply f~'Q"~7 <« 1 then completes the proof

of the claimed bound ¢, = O(qiﬂ':_QDr]j). Putting the above-discussed estimates together, it follows that

c<(max c)- Cy + 2
Z v = u€A; uFv “ Z “ v

u€EA; u€A;

<O(DFTf71Q U eI DER ) + O (g, 72D7)?).

Recall the definition (62) of ¢, and that p; = o/ (qiDﬁ) by (20). Comparing the power of D (which is
the main term), by noting the presence of f~! and using inequality (40) from Lemma 18 together with the
estimate g; ~ ¢;41 from Remark 28, it follows that

b Y o).
u€A;
Note that the stabilization-effect &, (an upper bound on how much Y j changes if we alter whether w € S;11

or w & Si1) satisfies &, < 3750y 4G Liwersy < Az j1(i), since for any J € Y, (i) with w € J, there is
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an edge e € H containing {w, v} with |(e \ {w,v})NV;| > r—j—1 (as w # v by definition of Y,, ;(¢) in (23)).
The number of such edges is at most Ay ,_;_1(i) (see (29) for definition of this parameter), and each such
edge can contain at most one element from Y, ;(i). Using X<; € ); NN to bound Y, ;(i)| and Ay, _;j_1 (%)
via (34)—(35), together with inequality (40) from Lemma 18 and ¢; ~ ¢;+1 from Remark 28 it follows that

Y oac< (umeaxcu) D> Y Luen

u€A; u€A; JEY, (1)
< Agpjo1(i) -7+ [Ya,;(4)]

<DEIQrI L (7‘ - 1>qgw:_1_jDrjl — O(fP122),
J

To sum up, the parameter A from (64) associated with Y’ satisfies A = O(f~P/%t2). Since Y, is a decreasing
function, by invoking the tail inequality Theorem 20 and the estimate (41) from Lemma 18’ We obtain that
t2
IE”(Y* > EY, ) < exp ( - ﬁ) — exp ( - Q(fw)) — N,

For the upper tail of Y+] x in (63) we shall invoke the ‘limited dependencies’ upper tail inequality of
Theorem 23 via Remark 24 (exploiting the ‘good’ event G = A;11). Using the notations in Theorem 23 and
Remark 24, we have &, := 1y4¢r,,,} for vertices a € A;, and Y*J =Y wer Ya for variables Yy, := 1yycr,, .},
where the index set Z consists of all ordered pairs o« = (U, U’) that satisfy U’ € Y,, (i) and U C U/, as well
as |[U| = k — j. Similarly to (59), we have

k k—j r—1 k k— 1—k
; < jJ r— = —
e <l (5 ) < (7))ot = (65)

Next we shall bound the parameter C' from Remark 24 associated with Y+ : to this end, given any (U,U") e

T with U C T'j41, it suffices to bound the number of relevant (U, 0" € 7, i. e., which satisfy U N U+
and U C ;. For this we first derive one extra constraint. Since we require U’ € Y, k(2) by definition (23)
of Y, 1.(7), the k-set U’ must be contained in some edge & with v € & such that the (r —1—k)-set &\ ({v}UT")
is contained in V;. Since we also require U CTyyq, forany @ € U it then follows (using V41 = V;UT;41) that

@\ {a,v}) N Vi ] 2 e\ [} O+ U\ {a} | = (r =1 —k) + (k—j —1) =7 —j 2. (66)

With this extra constraint in hand, we are now ready to count the number of relevant (f] , U’ ) € Z, as discussed.
Namely, there are at most r» ways to choose a vertex & € U to be in the non-empty intersection U N U. Then
there are at most Ag,_;_2(i + 1) ways (see (29) for definition of this parameter) to choose an edge é
that contains {@,v} and satisfies the constraint (66). Once é is chosen, there are at most 2" ways to
choose U’ C é, and then at most 2" ways to choose U C U’. Therefore, whenever the event N;11 holds, using
the definitions (62) and (65) of t and p together with inequality (40) from Lemma 18 and estimate ¢; ~ g;y1
from Remark 28, it follows that the parameter C' associated with Y ik satisfies

. 2
C<r-Doyjoli+1)-22 <p. 22 . DafolQri=t < [0/ min{%, t}. (67)

Invoking the upper tail inequality Theorem 23 via Remark 24, using (41) from Lemma 18 it follows that

t? iy
P<YU+] k Z EY+ k +t and M+1) < exp ( m) = exp ( — Q(fﬁ/Q)) =N (1)7
which completes the proof of Theorem 31 (as discussed around (63) above). O

Recall that the event A;y; defined in (33) concerns the number |A;;1| of available vertices. Next we
estimate the size of |A;41], which together with Theorem 31 proves estimate (45) of Lemma 25. As before,
here the basic proof idea is to estimate |A;;1| via several auxiliary random variables (see (68) and (71)—(72)
below) that are more amenable to the concentration inequalities from Section 2.7.
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Theorem 32. We have P(=A; 11 NNy | Fi) < N=M) when X<; holds.
Proof. We start with the upper bound for |A;1|. Note that by construction
[Aipa] < Tgegen,y = X. (68) [eq:def:Ai+1X
vEA;
Since X<; C A; implies |A4;| < ¢;|Ao|, using Lemma 27, we infer
gi+1 1
EX < ¢i|A (— — =
< o (20— ¢
1 maxd 7 —= 69 eq:def:Ai+ly
Zqi+1‘Ao|—§(T—1)Ul+l)Qiﬂ'i { 3’0}|A0|. ( )

o 1)0_1+pﬂ_£nax{r73,0})

=:t

In order to bound X from above, we now proceed similar to the upper bound on Y, in the proof of
Theorem 31: indeed, the plan is to invoke the bounded differences inequality Theorem 20 to X, which
requires us to bound the parameter A from (57) associated with X. Note that the vertex-effect satisfies ¢, <

Y. (d)| < (r— 1)qi7rz_2Dﬁ due to X<; C Vi, and that Lemma 30 implies D, 4 cu <D0 4 [Yu(i) N Ai| <
(r — 1)g;n} 2D - |A;|. Furthermore, the stabilization-effect clearly satisfies ¢, < Liyea,}- Since X<; C A;

implies |A;| < ¢;|Apl|, using (40) from Lemma 18 and the assumption |A0\/Dr%1 > fP it follows that the
parameter A from (57) satisfies (for ¢ as defined in (69) above), say,

A<p;- (gé%cu) Y et Y Tueas

u€EA; u€A;
<7 (=Dl 2D (r — gl T DT A + | A (70)
D71
< r2om " DT Ag| = O(FP2).

?

Since X is decreasing, by the tail inequality Theorem 20 (with ¢ as defined in (69) above) and the estimate (41)
from Lemma 18 we obtain that

t2
P(|Ais1| > gis1]Ao|) < P(X > EX +1) < exp ( _ ﬁ) < exp ( _ Q(fB/Q)) = N,

We now turn to the lower bound for |A;41|, which is more elaborate. Note that by construction

|Ai+1| 2 Z 1{U€Ci+l} B Z l{UEFH—l} o Z Z l{vecjfl} ) (71>

vEA; vEA; 2<j<r—1wv€A,

=X :2X1 ::ngj

We shall enlarge the last term in the inequality (71) to make it related to X; in (71) and a variable we
have already studied in (58). Note that if v € A; and v € C’i(i)p then by definition of C’i(i)l in (25), there
exists U € Y, ;(i) of size j such that U C T';;1. Then by definition of Y, (i) in (23), there exists an edge
e € H such that {v} UU C e, U C A;, and e\ ({v} UU) C V;. For a vertex w € U, since v € A;, then
W’ = {v}U U\ {w}) is of size j and is contained in eN A;, and e\ {w}UW’) = e\ ({v}UU) C V;, therefore
W' eY, (i) and W := W'\ {v} CT;yq (so {v} =W\ W). It follows that

Xoj = Z l{vecfﬁ} S Z Liwer, 1} Z Liweriy
vEA; wEA; (W.W): W' €Y, ; (1), WCW',|W|=j—1
o (72) |relationX3jZ
- Tw,l,j

< X; -maxY ", ..
- ! weEA; w,1,

To sum up, in view of (71) and (72), to obtain the desired lower bound |A;y1| > Tir1¢i+1|Ao| from (33), it
remains to bound X from below, and bound X; and max,c 4, Yut 1. from above (to avoid clutter we omit
the precise bounds here, and only show in the end that we indeed obtain the desired lower bound).

16



Bounding X defined in (68) from below is very similar to the above-discussed upper bound. Indeed, using
Lemma 27 and |A;| > 7;¢;|Ao|, similar to (69) here we obtain, with room to spare (using r instead r — 1),

3 max{r—
EX > 7iqiv1]Ao| — §TTi0'1+in7T' { 3’0}|Ao| - (73)

?

=:3t

In order to apply the bounded differences inequality from Remark 21 to X with ¢ as defined in (73) above,
we need to bound the parameter A from (57) associated with X, for which the same asymptotic bound A =
O(f~P/2t?) holds as in (70) since 7; > 1/2. Here we also need to bound the related parameter C' from
Remark 21, which by similar reasoning as for \ satisfies

C= max max{cy, é,} < max max{|Yy, ()], 1} < (r — 1)qi7r;"_2Dﬁ = O(fP?).
Invoking Remark 21 with ¢ as defined in (73) above, it follows that, say,

P(X < Tigit1]Ao| — 27“Tl-01+”qi7rflax{r73’0}|A0|)
(74)

<P(X <EX —t) <exp < 2(Af0t)> < exp ( - Q(f5/2)) =N~

Next we bound X; defined in (71) from above, for which we shall use a standard Chernoff bound (see
Remark 22). Recalling |A4;] < ¢;|Ao|, note that by construction

A
EX; = |4 -p; < |D()1|U = [

—

Similarly as before, using assumption (6) and (40) from Lemma 18, we infer that |A| /Dﬁ > f% and
thus p = Q(f#/?). Applying Remark 22 with C' = 1 and A = EX; < p, it follows that

P<X1 > 2|A0|a/Dﬁ) <P(X) > EX) + ) < exp (— p/4) < exp ( _ Q(fﬁ/z)) =N—@_  (75)

With an eye on (72) we now bound maxy,eca, YJ’ 1,; from above, exploiting that the random variable

Yutl,j is a special case of Yv"”j’k defined in (58). Similarly as in the expectation calculations for (59) and (65)

for EY.". ., note that for w € A; and 2 < j <r —1 (which implies r > 3) we here have

v,j5,k?
=1\ s o j p j—1
EYJ’LJ. < ( ) )qfﬁ =ip=. <._1> <j>
J J qz'D’“—l

- <T J 1) ( : 1>0j1‘mflj0’“11 =t puj-
J J—
To bound Y.

w1, from above, we shall invoke the ‘limited dependencies’ upper tail inequality of Theorem 23 via
Remark 24 (exploiting the ‘good’ event G = Njy1). Whenever the event N1 holds, then by arguing similarly
as for the corresponding bound (67) for Yv‘fj’ > We see that the parameter C' associated with wa 1,; satisfies

C<2r-Ngpg(it1)-2"<r-2%.DrTflQr—2
Together with (40)—(41) from Lemma 18, now Remark 24 implies that

P(Yil1, = 25 and Niga ) < P(Yehy, = BV + sy and N )

S@m(— )gmm(—QUW%):Arwu

Hj
Taking a union bound over all vertices w € A; and 2 < j < r — 1, it readily follows that

Z P( max YJ,LJ‘ = 2p; and M+1) < N, (76)
o<j<r—1 S
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Finally, we are ready to bound |A;4+1| from below. In view of the three probabilistic estimates (74)—(76),
a moment’s thought reveals that to this end we may assume the three bounds

X > 7iqit1|Ao| — 2r7i0 qwinax{rig’o}vloh (77)

Xy 2o D m
max Yu_)‘_,l,j <2p; forall2<j<r-—1 (79) |eq:Ywlj:uppe

wEA,

1+p

Turning to the details, using the inequalities m; > o, 7, > 1/2 and p < 1, for 2 < j <r — 1 we first note that

-1 j j —1—j max{r—
2p; = 2(r . )( J 1)03_1qi7r: ipmr <« TioPqim; r=30tptr
J J =

Using inequality (72), the above-mentioned upper bounds (78)—(79) for X; and YJ, 1; thus imply that

A _
Y. Xog< ) p Aol 2y < mot gm0 A .
2<j<r—1 a<j<r—1 D77

Using inequality (71), the above-mentioned bounds (77)—(78) for X and X; therefore yield that, say,

-3,0
1+p flax{r }|A0|-

|[Ait1]| > Tigiv1]Ao| — 4rrio " Pgm

Since ¢;/qi+1 < 5/4 by Remark 28, using 7; < 7, and 7; < 1 it follows that

axclr_211 O
|Aiya] > Qi+1|AO|<Ti — brofmptr 2’1}?)
m

Note that (39) in Lemma 18 implies U”?T;max{rfz’l} < (log f)~1. Using ;41 = m; + o, see (18), we also have
Tiv1 =7 — (log f)™! - 0 /7. Putting these estimates together, we obtain that
|Ait1] = Tit1gi+1]Aol,

which in view of (33) completes the proof of Theorem 32, as discussed. O

3.2 Size of the final independent set: event 7,

In this subsection we prove estimate (47) via Theorem 33 below, which deals with the size of the final
independent set I, via the event Z,, defined in (31). Inspired by [15, Section 3.5], in order to estimate |I,,]| it
will be convenient to think of the entire nibble construction as one evolving stochastic process, see the proof
of Lemma 34 below (this viewpoint differs from the previous Section 3.1, where we analyzed the relevant
random variables by separately considering the changes in each ‘step’ of the nibble construction).

Theorem 33. We have P(=Z,, N X<,,) < N—<1),
Lemma 34. Let T be the event that the following bounds hold:
Xi= Y |AinTig| e [1—6/2u, (1+6/2)u"],

0<i<m

Y= > JANV(Dig)| <82 )9,

0<i<m

where pt =370 cic @il Aol]pi and p= =37 [Tiqil Aol pi- Then P(=T N X <) < N—w®),

Proof of Theorem 33 (assuming Lemma 34). It suffices to show that the event T from Lemma 34 implies the
event Z,, defined in (31). To this end we may assume that § < 1 holds (since otherwise the target bound (31)
for |Z,,| holds trivially). Turning to the details, by the recursive definition of I,,, we have

XY <|In < X. (80)
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Noting u~ > 7ppu™ > (1 —6/2)u™, the event T implies X < (1 +6/2)ut and
X-Y>(1-6/2-6%9)-p >0 —-6+6%/8)ut.

Recalling the target bound (31) for |Z,,|, it therefore is enough to show that ™+ ~ &|Agl(log f)/D)l/(Tfl).

But this is straightforward: using ¢;|Aglp; = |Ao|cr/Dﬁ > off > p; = U/(qiDﬁ) by the assumed
bound (6) and estimate (40) from Lemma 18, we obtain that

o om log f\ 71
= D (@l = p~ Y ailAol— = Aol ~ €Al (Z55) (81)
0<i<m 0<i<m g D71 Tt
completing the proof of Theorem 33 (modulo the proof of Lemma 34 given below). O

Proof of Lemma 34. We start with estimating X = > ;.. |A; N Tiy1]. Heuristically speaking, here the
basic idea is that if X; C A; holds, then the fact that |A;| is an integer implies [7;q;|4o|] < |A:| < |gi|A4ol]-
Since I';41 is a p;-random subset of A;, we can therefore stochastically dominate X from below and above by
Y o<icm Bin([7iqi|Aol],ps) and 3, .. Bin(|¢:|Aol],pi), which in turn can both be estimated via suitable
Chernoft’s bounds. To make this rigorous, we set

Xi—i-_i-l = ]].{%Z} Z ]]'{’U€F11+1} and AXHL = Z X:__’_l

vEA; 0<i<m

Note that X = X+ when X<, = [o<j<p, Xi holds. Let Zi < Bin(|g;|Ao|], pi) be independent random

variables (where 4 means equality in distribution, as usual). Since the F;-measurable event X; C A; implies
|A;| < ;| Ao, it is not hard to see that P(X} | >t | F;) < P(Z, > t) for t € R. Setting

d .
zt= 3 Zh 2 Y Bin(laldol), pi), (82)
0<i<m 0<i<m
a standard stochastic domination argument shows that P(XT >t) <P(Z*T >t) for t € R, so that
P(X >tand X<,n) <P(XT >¢) <P(ZT >1). (83)

Since X; C A; also implies |A;| > 7;¢;|Ao|, an analogous argument shows

P(X <tand X<,) <P(Z-<t) with 2~ £ Y Bin ([Tiqi|A0H, pi). (84)

0<i<m

Using estimate (81) together with 4~ > 1uT and 5214l > rB8/2 (using that |A0\/DT11 > f? by (6), and
Dr—1

that 6 > (log f)~! by the assumptions of Theorem 16) as well as EZ* = y*, by standard Chernoff bounds
(see Remark 22) and estimate (41) from Lemma 18 it follows that

P(X & [(1—6/2)u, (1 +06/2)u"] and X ) <P(27 < (1-8/2p7 ) +P(2 > (1+6/2)*)
<exp(—82p~ /8) + exp(—6°ut/12) (85)
< exp ( — Q(fﬁ/2)> =N,

Finally, turning to Y = > _, .. |Ai N D;41|, for brevity we define

Yiq1 = |Ai N Dy and y = 6%p" /9. (86)
Note that ¥ = ZO§i<m Yit1 and Y41 € N. Since X<; = nOSjSi X;, a union bound argument gives
P(Y > 6%u~ /9 and X<,n) < > }P’( () (Vi1 > yis1 and xgm))
(Y1, ym)GNTF : 0<i<m
i<m Yi+1=1Y
peen T (87)
< Z H P(EH > Yit1 | ﬂ (Y41 > yj+1 and %Sjﬂ))-
(W1, ym)EN™  0<i<m 0<j<i

Eo§i<m Yyi+1=[y]
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Gearing up to apply the ‘limited dependencies’ upper tail inequality Theorem 23 to Y;i1, in view of
Di+1 C Biy1 and I; C V; we define (recall that we identify the index a € Z with its first coordinate oy in
this application) the index set

7= U {W C A; : |W]|=j, and there exists U C V;, WUU € EH}.
2<j<r
For o € 7, there exists a v € a and v € A;, o\ {v} € Y, |o/—1, We obtain by the usual reasoning (using

m; > o, and that X; C A, NY; implies the estimates |4;| < ¢;|4o| and |Y,, ;(¢)] < (7';1)q{7r:*1’jpﬁ) that

S EQacray 7)< > Y o<y 0 N g

aEel vEA; a€ELTvEQ vEA; 1<j<r—1WeY, ;(i)
r—1\ 5 ,_1_;. i o J+1
§ : Jr—1=j =
§ Q1‘A0| ( . >qz'7ri D1 . < L)
1<j<r—1 > 7 G D7
AQ r—1 : —1—4
< |; § : . ‘7]+17T§ ’
D=1 g N
Ao _
S | 1‘ T-2r0'27TZ-T 2 = M;H'
D1

Since D;+1 is a collection of vertex-disjoint elements of B4 (and thus {& € D; 41 : aNé& # @} = {a} for all
@ € Dit1), using V(Diy1) = Upep,,, @ € Liv1 € 4i, o] <7 and [; CV;, it is easy to see that

Yii= > lenAl<r- Y lgacr,,y <17,

a€D;y1 a€EIND;41

where 7 is defined as in Theorem 23. Applying the upper tail inequality (44) with C' =1 and p = pj,; (in
the probability space conditional on F;), whenever X<; holds it follows that

el Yigr/T < SUit/C2r) e > repy
P(Yi-&-l 2> Yit1 | ]:z) < ]P)(Zl > yi+1/7" | fz) < (yHl/r) =7 i yiy = Vo ! (88) Boundeachter
1 otherwise.

Comparing the definition of >, ¥, | with p=, using 7, > 7, > % together with the estimate ﬁwfd <
(log f)~2 < 62 (that is implied by (39) from Lemma 18), it follows that

re . 2y~
Z Yi+1 < — Z Mg L — =1.
0<i<m: Vo 0<i<m 9
yit1Srepi /v

So, inserting (88) into (87), we infer that

P(Y > 6?1~ /9 and X<,) < Z o o) <(y+2)"c H , (89) |eq:unionboun

(Y15--,Ym )EN™
2o<icm Yit1=[¥]

and so it remains to estimate the right-hand side of (89). Recalling the definition (86) of the parameter y,
1

by combining the assumed bound |Ao|/Dﬁ = N/D71 > f# from (6) with the assumption § > (log f)~!
from Theorem 16, it follows that

lo =
y= 09|40 (BL) =) = o,
Furthermore, using estimates (40)—(41) from Lemma 18 we also see that

log(y +2) < @(logn) = O(fP/?),
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which together with m = (log f)°) and o = (log )~ implies that
mlog(y +2) + [-logo < (log /)? - O(f7/) = /% - Ologlog f) < /2.
Exponentiating both sides, using (89) it thus follows that

P(Y > 6% /9 and X<p) < (y +2)"0 5 < exp ( - f5/2) — N,

which together with estimate (85) completes the proof of Lemma 34. O

3.3 Crude auxiliary bounds: events N; and P;

In this subsection we prove estimate (46) via Theorem 35 below, which concerns with the crude (density
based) bounds of the auxiliary events A; and P; defined in (35)—(36).

Theorem 35. We have IP’(—|(/\/Z- N Pi) for some 0 < i < m) < N~

In contrast to the previous Sections 3.1-3.2, in the upcoming proof of Theorem 35 we will not analyze
the finer details of the nibble construction: instead we will exploit a crude bound on V; that follows from
stochastic domination, which conveniently allows us to work with independent vertex-choices. Turing to
the details, let V't be a P-random vertex-subset of Ag = V4, where each vertex v € Ay = Vy is included
independently with probability P = D™ 771Q, where Q@ = %" as defined in (30). Since ¢; > g > f~¢ ',
we deterministically have

Som= Y — < oml Sg(logﬁmﬁp <P (90)

1 —_ 1 1 —_
0<i<m 0<iem GD™T D=t D=t

For every 0 < i < m, by construction of the vertex-set V; (see Section 2.2) it follows that there is a natural
coupling satisfying

V,cvT. (91)
With an eye on the definition (29) of A, and definition (35) of N;, note that when (91) holds we have
Age(i) < Z Lije\nne+|zeg < Z Z Liwcpy = AJ,. (92)
ecE4:JCe e€FEy:JCe WCe\J:|W|=¢

For later reference, we now introduce the following auxiliary event

Nt = {Aj@ = max A%, < DSE? fluen Q@ for all j,0 € N with 2 < j <7 — e}. (93)
0= max A

Lemma 36. We have P(-N1) < N—«(1),

Proof. We shall use the moment method, inspired by [22, 10]. Fix j,¢ € N and J C A, with |J| = j and
2 < j <r—{ Assume that x € Z" satisfies 1 < k < [Q//]. By a similar argument as in Section 2.5 (there
are at most A; ways to choose an edge e containing .J, and at most (”7 ) ways to choose the corresponding

W Ce\ J) we obtain

r=(j+0)
1

EAY, < A (T ;]>Pé <! DT e QF = . (94)

For brevity, we henceforth write A}:Z = Z(W,e) Liwcv+y, see (92). Note that for kK > 2 we have

E(A],)" = > PIUEIW § pIWAU WL (95)
(Wie1),,(Wi—1,€5-1) (We,ew)
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lemma: crude2

Taking different sizes of overlaps of W, with Uf:_fWi into account, by mimicking (94) it follows that
" —1)¢ —j—k
Z PIWAUZ Wil < fje + Z ((FJ i ) >Aj+k (T ¢ J 1 )Pé_k. (96) |eq:overlapst
(Wi,ex) 1<k<t o
implies ((F—1D2 k ; TR 1y,
Note that kK — 1 < Q/¢ implies ( . ) < @Q”. Furthermore, using Ajyp < D=1 f7 <y and Q > 1,
the right-handed side of (96) is at most ,uMQl/ 4 with room to spare. By induction, we infer

E(AT )" < (10Q"*)".

Setting k := [Q/{], using Markov’s inequality and estimate (41) from Lemma 18 we obtain

P(A+ > ,U‘éQl/Q) < M < Q*'ﬂ/4 < exp ( — Q(Q)) — N«
J& = 7, — (/J/j,éQl/Q)K = = )
which in view of rQ*+1/2 < Q**! completes the proof by taking a union bound over all j, ¢ and J. O

We next focus on the variable 3 ;- (i) [Yw(i)NJ| for distinct vertices v, w. By definition (23) of Yu,x (i),

any vertex-set U € Y, 1 (7) has the following two properties: |U| = k, and there exists an edge e satisfying
u€e, UCe\{u},and e\ ({u}UU) C V;. In the upcoming® definition (98) of the family Z(v, w, j) of indices,
we shall view the set B, as union of {v} with some vertex-set of Y,, ;(¢), and the B,, as union of {w} with
some vertex-set of Yy, (i); therefore, by relaxing the requirement that certain vertices are in A4; (i.e., available),
when the coupling (91) holds it follows that

Z [Yo(i)NnJ| < Z ligicvy = YJw’j, (97) | def:Gammaaa’

JEY, ;(4) (a1,(e,e")EL(v,w,5)
where for distinct vertices v,w € Ap and 1 < j <r — 1 we used

Z(v,w,j) == {(a1,(e,€)) 1 e,e' € By, veEe, wee, and there exist B, C e, B, C ¢

with v € By, |By| =j+ 1, w € By, |By| =2, (98) |eq:def:index
|(By \ {w}) N (Bw \ {v})| =1, and a1 = (e \ B,) U (6/ \ Bw)}~

With this in mind, we now introduce the following auxiliary event
Pti= { U‘,Lwd- < D%f_lQQT_(jH) for all distinct v,w € Agand 1 < j <r— 1}. (99) |eq:def:event

Lemma 37. We have P(-=PT NN*t) < N—«(),

Proof. For r = 2, we note that (99) holds deterministically since vawjl <T(H) < Df~!. So we may hence-
forth assume r > 3. Here the plan is to invoke the ‘limited dependencies’ upper tail inequality Theorem 23
via Remark 24 (exploiting the ‘good’ event G = N'T). To estimate ]EYUJ)FW ;» we will increase the cardinality of

the index family 7 by considering the family 7 of tuples (By, By, e, €') that satisfy the requirement in (98).
(We overcount because different tuples in Z can correspond to same index in Z.) Then

EYUJ;UJ < Z PlE\B)U(ENBw)] (100) |eq:enlargede

(By,Buw,e,e’)€L

To estimate (100), for fixed distinct vertices v,w € Ao, we first assume that j > 2. Note that there are
at most D ways to choose an edge e containing v. Then there are at most 2" - 2" = 22" ways to choose
vertex-sets B, and S := (B, \ {w}) N (By \ {v}) (with B, to be determined later) in e such that |B,| = j+1
and |S| = 1 as required in (98). Then from e, there are at most 2" ways to determine the intersection
U := (e\ By) N(e\ By) (with €', By, to be determined later), which is supposed to be in V*. Assume

3The reason for using the set B, in the definition (98) of the family Z(v,w, j) is to include the case that w is contained in
some vertex-set of Y, j(4); the reason for using the set By, is similar.
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|U| =: ¢, then ¢ < |e\ B,| = r — (j + 1). Noting that {w},S,U are disjoint, one can find at most Agy,
edges €’ containing the (2 + ¢)-set {w} U SUU. Finally there are at most 2" ways to determine B,, in /. At
this point, we have determined all of B,,, B, e,e’. With an eye on (100), noting that

[(e\ Bu) U(e'\ Bu)l =le\ By| + '\ Bu| = Ul =r = (j+ 1) +r—-2-4,

r—(2+6)
1

then using r — (j + 1) <r — 3 to infer Ay y < D 71 f~! from (4), it follows that

EY " < Z D . 227" Lo A2+Z . Q'PT—(j+1)+r—2—Z

v,w,) —

0<e<r—(j+1) (101)

S r- 24TDT%‘1f—1Q2T—(j+1)—2 = ;.

We now bound EYUJZM ; in the remaining case j = 1. By analogous reasoning, contributions of the cases where
U] = ¢ < r — 3 can again be bounded as in inequality (101) above. In the exceptional case £ = r — 2, since
we require |S| = 1, all possible pairs of edges e, e’ must satisfy v € e\ e/, w € € \ e, and l[eNne/| =7 — 1.
This number of pairs can thus be bounded by I'(H) defined in (2). So after determining B, B,, in e, ¢’
respectively in at most 22" ways, their contribution to the expectation can be bounded by 22" - T'(H)P"~2 <

22r p1/(r=1) f=107=2 Adding up all these contributions, it again follows that IEYUwaJ < p; holds, as before.

Next we bound the parameter C' from Remark 24 associated with vaw,j: given any (a1, (e,e')) € T
with a; € V1, it suffices to bound the number of relevant (a1, (é,¢')) € Z, i.e., which satisfy a; N é&; # @
and & C V7T. To this end, note that there are at most 2r ways to choose a vertex @& € a; to be in the
non-empty intersection o N d&;. Inspecting the constraints in (102), we infer that @ € (é\ {v}) U (¢’ \ {w})
must hold. For the sake of argument, let us first count the number of choices in the case @& € é\ {v}: then

by inspecting (98) we infer (noting that in this case @ € é\ B, most hold) that j + 1 < r and
[E\{v.ah)nVF =r—(+1) -1, (102)
so that there are at most A;T_(jﬂ
edge é that contains {@, v} and satisfies the constraints in (102). Once € is chosen, there are at most 2" ways
to choose a vertex w in the size-1 intersection appearing in (98), and then there are at most A;PQ ways ways
to choose an edge &’ that contains {w,w} and satisfies the constraints in (102). Once é and é’ are chosen,
there are at most 22" ways to choose &; C é U é'. The counting argument in the case 4 € "\ {w} is similar,
with the difference that in this case r > 3 and [(&' \ {w,a})NVT| >r —2—1=r —3 hold (so that in the
above argument now A;‘P(jﬂ)fl and A;”PQ need to be replaced by A;PB and Ay ,_(j11), respectively).

Therefore, whenever the event A" holds, it follows that the parameter C' associated with Y:w’ ; satisfies

)—1 ways (see (92)-(93) for definition of this parameter) to choose an

C<2r (1{j+1<r}A2+,r—j—2 2 AL S P LA 5 2T Ay 22T>
<po2WDFET QUL o

Finally, with an eye on the auxiliary event P* defined in (99), set z; := DT f1Q* U+ Invoking the
upper tail inequality Theorem 23 via Remark 24, using (41) from Lemma 18 it follows that

Zj

IP’(Y+ > zj and N+) < (&) & < exp ( — Q(Q)) = N—w@),

v,W,]J X
s W, Z]

This completes the proof by taking a union bound over all possible vertex pairs (v, w) and values of j. O

Finally, by combining the coupling from (91) with inequalities (92) and (97), it follows that Lemmas 36-37
establish Theorem 35, completing the proof of Lemma 25 (and thus Theorem 16, which in turn implies The-
orem 2, as discussed).
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3.4 Strengthening of Theorem 2: proof of Corollary 3

In this subsection we exploit that our semi-random construction only samples rather few random vertices
from V = V. Indeed, all vertices ever sampled are contained in V,,, C V', which by construction is much
smaller than V. More importantly, by the coupling from (91) we know that V,, is stochastically contained in
a P-random vertex-subset of V', which together with I C V,,, this then allows us to conclude (via a coupling
argument) that the resulting independent set I is also contained in such a P-random vertex-subset of V.

Proof of Corollary 3. For concreteness we set £ := min{(%)ﬁ, (%)ﬁ} in the above proof of Theorem 16
(and thus Theorem 2), where the first requirement comes from the discussion around (38) and the second
ensures f¢ > f2¢" = @ in (30). Using the coupling from (91) we see that I C V,, C V*+, where V* is a
P-random subset of Ay = V4 by the definition above (90). This readily establishes Corollary 3 in view of
the definition (30) of P = D~ STQ < DT fS (after again rescaling £ in the lower bound (7) on ||, similar
as discussed above Theorem 16). O

4 Pseudo-randomness: independent sets in H-free graphs

The goal of this section is to prove Theorem 7, which concern the construction of pseudo-random subgraphs
of a host graph F'. As discussed in the introduction, the basic idea is to apply the semi-random independent
set algorithm to a suitable ey-uniform auxiliary hypergraph H = (V, E), whose vertex-set V = Er equals
the edge-set of the n-vertex graph F' and whose edge-set E = {FEgs : H' is copy of H in F'} encodes the
copies of H in F'. As we shall discuss, using our main result Theorem 2, we can find a large independent
set I in ‘H, which by setting G := (Vr, I) naturally corresponds to an H-free subgraph G C F' on the same
vertex-set. Our remaining main task thus reduces to showing that the edges of sufficiently large vertex-subsets
W C Vi = Vg of G are pseudo-random, i.e., that the edge-estimate (11) holds for all vertex-subsets W C Vg
with [W] = [L(logn)!~1/(er=Dp@u=2/(r=1] and eppy > v(1" ).

To allow for slightly larger generality beyond tracking the number of all edges inside vertex-subsets, for
suitable constants B,T > 0 we shall in fact keep track of the number of edges in configurations

s, {rc ()}, (103)
which are edge-subsets of the complete graph K, satisfying

12, < nTe and max [V(J)| < Ts, (104)

where V(J) := |J,.c; e contains all vertices that are in the edges of J, and
s:= B(logn) "7 1D 1, (105)

where we defer the choice of the constants B,T > 0. Heuristically speaking, in our upcoming arguments
the two technical conditions in (104) will ensure that configurations have certain key features of s-element
subsets: that the number |X;| of configurations is not much larger than the number of s-element subsets,
and that each configuration J € X, contains at most O(s) vertices. We now illustrate the versatility of
configurations via two concrete examples. First, if our goal was to track the number of edges in every [s]-
vertex-subset, then we would define ¥ as the set of all (V;/) for some W C [n] of size [W| = [s], which
readily satisfies |X;| = (fTSLT) < n? and max ey, V(J) = [s] < 2s, say. Second, if our goal was to track the
number of edges in every bipartite subgraph K7 4, then we would define Y5 as the set of all U x W for
some disjoint U C [n] and W C [n] \ U of size |U| = |W| = [s], which readily satisfies |3;| < (f:1)2 < n3s
and max ey, V(J) = 2[s] < 3s, say.

In the remainder of this section we fix a graph H € §F (see (10)), and focus on the behavior of the
semi-random algorithm on the r-uniform hypergraph Hpy r with r = ey for some n-vertex graph F. For
each edge-set J € X, (that satisfy some technical conditions to be discussed), our goal will be to control the
number of edges |JNI;| added by the semi-random algorithm, which in turn requires control over the number
of edges |J N 4| that can still be added.
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4.1 Smooth independence

The concentration arguments for |J N I;| and |J N A;| will requires some extra wrinkles, since the addition
of certain edges can result in fairly large changes in these variables. Similar technical issues also arise in
the analysis of the H-free process due to Bohman and Keevash [8]. In attempt to simplify this part of the
argument and clarify the relation to previous work, we thus have set up our random variables in such a way
that we can reuse (and extend) some existing estimates from the H-free process analysis [8, Section 11] in
the semi-random setting of the present paper.

Remark 38 (Polynomial parameter f). In contrast to Sections 2-3, in this section we shall henceforth
always assume that there is a constant n > 0, such that the parameter

fo=n" (106)

satisfies assumptions (3)—(5) and assumption D71 > 1?2 in (6).

Turning to the details, we shall use the following auxiliary variable f’v(z) which intuitively counts the
number of ‘relaxed’ neighbors of v: indeed, it can be viewed as relaxation of Y, (i) defined in Section 2.2,
where we remove the requirements of certain vertices in A;. More precisely, for v € Ay we define

Y, (i) == {u € Ao \ {v} : there exists e € Hp such that u,v € e and e\ {u,v} C V;}. (107)

This enables to us to introduce the following two sets, which contain elements in Ay and V;, respectively,
that have many relaxed neighbors in J. More precisely, for J C ([g]), we define

By(i):={ve Ag: [Y,(i)NJNA| > f"D71},

Pi(i):={veV;: [V,(i))NJNA| > f D77}
Intuitively, the plan is to indirectly control |J N I;|, via an approximation that ignores the effect of elements

with big changes. For J C (V;/), the following definition intuitively formalizes the idea that (a) this ‘ignoring
approach’ will not change the typical behavior due to smallness of B(W) (), and (b) that overall not too many
2

elements are ignored due to smallness of P(W)(Z) As we shall see, this intuitively means that the resulting
2

approximation can indeed be used to control |J N I;|, as desired.

Definition 1. A graph H has the smooth independence property, if there exist 7,&, > 0 (that may depend
on H,n) such that, for all w = @((log n)lfﬁDﬁ) the following holds for any hypergraph H C Hy. For
all 0 < &€ < & satisfying (38) we have

P(S; for all0<i<m)>1—n"*W), (108)
where S; denotes the event that, for all W C [n] of size |W| = w, we have

D, (109)

IN

1By (@)]
[Pyy(@)] < f7D7. (110)

There are a wide range of graphs having the smooth independent property, including all graphs H € §,
where the set § is defined as in (10). The proof of Lemma 39 reuses (and extends) some estimates from the
H-free process analysis [8], and is deferred to Section 4.5. Recall that § contains complete graphs K, with
¢ > 4, cycles C; with £ > 4, complete bipartite graphs K, , with a > 4, and hypercubes Q¥ with odd k > 5.

Lemma 39 (Smooth independence). Any graph H € § has the smooth independence property.
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4.2 Pseudo-random properties and statement of main theorem
In Sections 4.2—4.3, we henceforth fix a graph H that has the smooth independence property, and set
w:=Ts=TB(logn)" " 71D, (111)

where we defer the choice of the constants B,T > 0 (as before). Note that whenever the ‘smooth indepen-
dence’ event S; from Definition 1 holds, then for all J € X, we have

2

[By()| < f7D7  and  |Py(i)| < fTTDTT, (112)

since J C (V;/) for a suitable W C [n] to which (109)—(110) apply.
With a view of Theorem 7, we are interested in edge-sets J € X, that are relatively dense. For this reason
we introduce

S = {JGES:JﬂAU|>7(;>}, (113)

where v > 0 is a constant. Using the bounds from (112), we will be able to show that during the semi-random
independent set algorithm we have |J N A;| = ¢; - |J N Ap| for all steps 0 < ¢ < m and configurations J € 3 .,
which coincides with our pseudo-random intuition from Section 2.3 that yielded |A;| =~ ;| Ao in Section 3.1.2.
Using these estimates on |J N A;| we will then be able to control |J N I,,,| similarly to Section 3.2, where we
used estimates for |A4;| to control |I,,|. One main conceptual difference to earlier sections is that here we
need to establish control for all configurations J € ¥ ., which in our arguments requires us to obtain error
probabilities that are small enough to take a union bound over all of the [¥ | < n' many configurations.

Inspired by Section 2.5, we now define several events that capture pseudo-random properties of the semi-
random algorithm. Recalling X; defined as (32), we define the ‘good’ events

XS =%0Y,NAT NS, and X% =noc<X], (114)
where
V= {|}7U(i)| <D= Q" forall v e AO}, (115)
Af = {T,;qiuon\ < TN A < qi|lJ N Aol for all J € EM}, (116)
T = {19 N Ll € [(1 = )pg, (14 8)pay] for all J € 2, |, (117)
with .
nr=6(E) 104 (18)

Note that ); is a variant of J; defined in (34) that concerns relaxed neighbors. Furthermore, A and T, are
natural variants of A; and Z,,, defined in (33) and (31) that apply to |J N A;| and |J N I,,], respectively.

Remark 40. The event X holds deterministically.

We are now ready to state our main technical result regarding independent sets, which states that the
pseudo-random events Z}, and x:m both hold with very high probability. For a graph H, recall that H g has
vertex-set E(K,) and edge-set the collection of the edge-sets of all H-copies in K. As we shall see below,
Theorem 41 combined with the smooth independence result Lemma 39 imply Theorem 7 (see Section 4.4 for
a proof of Corollary 8).

Theorem 41. Fiz constants 6,7v,n, 8 € (0,1], and a graph H that has the smooth independence property.
Assume that the subhypergraph H C Hy(n) has |Vy| = N vertices. Setting the parameter f := n" as in (106),

assume that H satisfies assumptions (3)—(5) and assumption D1 > {8 in (6). Let & > 0 be as in the
definition of the smooth independence property (see Definition 1). Then, for any &, T, B > 0 satisfying

. 1
£E< min{ (M> 7‘71, {1} and B> &Tl, (119)
37r 52¢ynT1
we have
P(Z,nxt,) >1-nW.
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Remark 42. In Theorem 41, since N < (g) <n? and f =n", for any constant ¢ > 0 it immediately follows
that the assumption f > (log N)¢ in (6) holds for all sufficiently large n.

The proof strategy for Theorem 41 is similar to that of Theorem 16, except that the argument for the
event Aj we will rely on the smooth independence property to make the union bound argument work (by
limiting the effects of certain bad contributions that would otherwise spoil the probability estimates). This is
also the core reason why we require f = n' in Theorem 41, rather than the logarithmic bound in Theorem 2.
The proof of Theorem 41 is given in Section 4.3.

Proof of Theorem 7 based on Theorem 41. Since any H € § is strictly 2-balanced with minimum degree at
least two, by Lemma 4, the hypergraph H = Hpg r (recalling that its vertex-set is Er and edge-set is
{Eg' | H' is an H-copy in F'}), which is a subgraph of Hp, satisfies the assumption (3)—(5) and assump-
tion D71 > f#in (6) for D = An¥#~2 and f = n" for some constants \,7,3 > 0. Furthermore, by
Lemma 39, H € § has the smooth independence property, so we henceforth fix 7 as in Definition 1. At this
point, we have verified the assumptions of Theorem 41.

Note that by the above choice of D and f we have

log f =nlogn and D1 = \M(ea=1)y(vn=2)/(er—1)

Therefore to prove Theorem 7, for any 4,7 € (0,1], taking T = 2, there exist £ and B satisfying the
assumption of Theorem 41. In view of (105), we can set L = BAY(¢# =1 and in view of (118), we can set
o = &(n/N)/(en=1) Recalling the discussion about the number of configurations satisfying |2, < n?* =
nTs = n® at the beginning of this section, it completes the proof of Theorem 7. O

We now specify the choices of the constants ¢ used in the proof of Theorem 41. Since we are reusing the
event X; from Section 2.5, here our choices need to be compatible with the proof of Theorem 16. Recall that
around (38) in Section 2.6 we discussed that the proof of Theorem 16 works for any £ € (0, 00) satisfying

&< B/ (37r))ﬁ. Taking 7 into consideration, for concreteness we thus here set

€= (%)% (120)

and then define ¢ = ¢(§) as in (38). These choices lead to the following convenient technical estimates.

xicstaucbeta| Remark 43. Assume that the assumptions of Theorem 41 hold. By arquing similar as for (39) and (40) in
Lemmoa 18, by taking the stronger assumption f = n" into account, there exists ng > 0 such that the following
estimates are valid for all 0 < i < m:

ey = o((1 —2 121
max otmf = o((log f)77), (121)
0<y<2r

max o 1V Q% (log f)?
—6r<j,k,x,y,2<6r am Q" (log /)

min{f, f#, f7, D=1}

<nm, (122)

4.3 Proof of Theorem 41

fofTheorem39

a:nibbleforJ| Lemma 44. Under the assumption of Theorem 41, we have

In this section, we prove the nibble result Theorem 41 by establishing the following auxiliary lemma.

Ogmzx ]P)(—\Azt_l ﬂ./\[7;+1 n 5)1'+1 N Si+1 | %EZ) S n*“’(l), (123)
P(=Y; for some 0 <i <m)<n <1 (124)

P(—=%; for some 0 <i<m) < n~w@, (125)

P(-Z); nxt,,) <n @0, (126)
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Proof of Theorem 41 (assuming Lemma 44). The argument is very similar to the proof of Theorem 16 in
Section 3 (using Lemma 44 instead of Lemma 25). Turning to the details, recall that m < n°M) and
that Xy holds deterministically by Remark 17. In view of the good events X;7 = X; N Yin A NS; and
X; = A; NY; NN; N P;, by combining inequalities (123)—(125) with the assumed bound (108) for the event
that =S; for some 0 < ¢ < m, we readily obtain that

P(-x%,) <3070+ 3 P(-Xf, N Xt N Vi NS NXL)
0<i<m
<3.n7vm 4 Z ]P’(—|A:Zr1 ANi41 N Vg1 N Sit | %;) (127)
0<i<m
<O(m) -n=*W <o)

which together with inequality (126) completes the proof of Theorem 41. O

As recorded in Remark 26, the arguments in Section 3 already establish inequality (125), so to prove
Lemma 44 it remains to prove the three inequalities (123)—(124) and (126) in the following subsections.

4.3.1 Event A;.:_l: available vertices in configurations
In this subsection we prove estimate (123) via Theorem 45 below, which concerns concentration of the

number |J N A; 1| of available vertices in all configurations J € X, , (i.e., which can potentially be added in
future steps).

Theorem 45. We have IP(—\Aj+1 NN N 571‘4-1 NSiy1 | Fi) <n =M when .'{; holds.

The following proof of Theorem 45 is very similar to the proof of Theorem 32 in Section 3.1.2, which
simply concerned the number |A; 1| of available vertices. As we shall see, here the assumed extra smoothness
property will be crucial, since it enables a union bound argument over all configurations J € X, -, of which
there are |X, 5| < n" many.

Proof. For a given J € ¥ ., our strategy for proving a concentration bound for |JNA,11| asin (116) proceeds
in two steps. We first enlarge |J N A;11] a little bit by introducing

Xs(i+1):=|{veJNA;:v € A or there exists u € By(i) NT;4; such that v € Y’u(z)} , (128)

and then show that |J N A;11] is close to |X;(i + 1)|. To avoid clutter, we shall omit the condition on F;
from our notations as we did in Section 3.
We start with an upper bound on X (i + 1). Using A;+1 C A; and I';41 C A;, we have

X410 < > Tpgean+ D, Tgueriy|Yu(i) NJ N AL (129)
veEJNA; u€B s (i)NA;

Note that the smooth independence property %; C S, implies |By(i)] < f_QTD% (see Definition 1). Hence

using .'{Z C Aj NY; NS; together with Lemma 27, the inequalities |J N Ag| > D77 and D < n%, and the
estimate inequality (122) of Remark 43, it follows that

i 1 max{r—2 — 2 _ 1
EXJ(i+1)Sqi|JmA0‘(qi—7(7"—1)o-l+pﬂ'i { 3,0})+f QTDT.EI -D71Q 1. ;
qi 2 qiD T—1
1 maxyr—o,
S%HUOAMfZWfD&“%ma{gmUﬂAw
For the upper bound on X ;(i+ 1), we shall apply bounded-difference inequality (see (43) in Remark 21) with

1 max\7r—
t:= 1(7’ — 1)0’1+pq1‘71'i ax{ 3’0}\JﬂA0|.
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To this end we need to bound the parameter C' from Remark 21 and the parameter A from (57) associated
with the random variable X ;(¢ + 1) defined in (128). Let us first focus on the vertex-effect ¢, (an upper
bound on how much X ;(i + 1) changes if we alter whether or not w is in I'; ;1) for a vertex u € A;. Note the
trade-off between the first and second summation on the right-hand side of (129): if u € B;(i)NA; is included
into T';11, then for any v € f’u(z) NJNA; =Y, (i)NJN A;, the vertex v becomes ‘closed’ so is not counted
by the first summation, but v is counted by the second one; vice versa for the case that u € B;(i) N A; and
is not included into I';11. Therefore for u € B;(i) N A; altering whether or not w is in I'; 11 does not change
the value of X (i + 1), i.e., ¢, = 0. For u € 4; \ B (i), ¢y < |Yu(i) N J N A < [YVyu(i)NJNAg| < f D
Putting both cases together, we infer that for any vertex u € A;, the vertex-effect ¢, is at most

o < |Yu(i)NJNA| < f7D7T. (130)

As %; C Y, by mimicking the proof of Lemma 30 (using that z € Y, (i) implies u € Y,(i)) it follows that

Do < D Mu@nJndol= D > Ticray

u€eA; u€A; z€JNAgu€cA;
o/ 1 _
< D D Luenanp S Y @ < DTTQTTHI N Al.
z€JNAguEA; z€JNAp

Furthermore, the stabilization-effect satisfies ¢, < 1;,ecjn4,3- Putting the above-discussed estimates to-
gether, we infer that the parameter A\ from (57) satisfies

A< pi max cy - Z ey + Z Liuesnasy
uEA; ucA;

g
< — FTTDT - DTTQ YT N Ao| + qi] T N Aol
q; -1

and that the parameter C' from Remark 21 satisfies

C = max{maxcu , mazxéu} < max{f—TDﬁ, 1}.

u€A; ucA;
Recall that J € ¥, satisfies |J N Ag| > ~(3) by (113). Invoking the bounded-difference inequality (43),
using the estimate (122) of Remark 43 it follows that, say,

2

P(X,(i+1) > qenald 0 Adl) < exp (— ;

()\—FCt)) < exp ( — (10gn)2w). (131)

Regarding the lower bound for [ X ;(i +1)|, we say that a vertex v € JN A; is closed by a vertex u € B (i)
if ueli4q and v € Y, (i) = Y, (4) N A;. Note that any such vertex v is still counted by X ;(i + 1). Therefore

r—1
XJ(Z + 1) > E ]l{UQCi+1 or v is closed by some vertex in Bj(i)} — E ]l{UGFi+1} - E E ]l{veci(i)l}~
vEJNA; veEJNA; J=2veJNA;

=71 =:Zy =:Z;
(132)

Then to prove a lower bound on X;(i + 1), we shall prove a lower bound on Z; and upper bounds
on Zy and Z; for 2 < 5 < r — 1. To be specific about the targeting bounds, setting the error term

t:= 01+pqi+17r?1ax{”3’0}u N Apl|, we shall prove that for a given J € X .,
P(Zl < Tigit1]J N Ag| — 27"75) < exp (— (log n)Qw) (133)
P(Zy > t) <exp ( — (log n)2w)7 (134)
and for all J € X, 5
P(Z; >t and Niy1 N Yig1 NSiyr) < n~@W, (135)
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Note that the difference in the probabilities in (133)—(135) is just because we shall use the smooth indepen-
dence property S;11 to prove (135).

In order to bound Z; from below as in (133), since X<; C A implies |J N A;| > 7iq:|J N Ag|, using
Lemma 27 together with 7; < 1 and % ~ 1 (by Remark 28) we obtain that

J 3 max{r—

EZy > miqs|J N AO|<q;rl - 50— 1)o ! e gmed 3,0})
4

> 7igiq1 | 0 Ao| = 2(r = o' gm0 70 Ay

=2(r—1)t

(136)

The plan is to invoke the bounded-difference inequality (Remark 21). Note that by definition of Z, for a
vertex u € A;, using the same trade-off argument as for (130) we again infer that the vertex-effect satisfies

cy < |§7u(z) NJNA < f_TDﬁ. Using Lemma 30 and %j - A;r N Y; we thus infer that
ST <3 V(i) NI N A < D (r = 1)gim T 0 Ao,
ucA; ucA;

and that the stabilization-effect satisfies ¢, < ly,en4,)- Putting these together, we note that parameters A
and C from (57) and Remark 21 satisfy

A<pi-fTDTTDEI(r — Dl =T N Aol + ¢;|J N Ao|
as well as

C= max{max Cy , Max éu} < rnaux{f_TDrfll7 1}.
UEA; ucA;

Invoking the bounded-difference inequality (43) with ¢ as defined in (136), using J € 3, - together with the

technical assumption (122) of Remark 43 it follows that

P(Zl < Tiqi+1|J N A0| — 27“O'1+pqi+1ﬂ'zmax{r73’0}|¢] N A0|)
2 (137)

< exp < - M) < exp ( - (logn)2w),

which proves (133).
We now derive the upper bound for Z, in (134). Since X%, C A implies |J N A;| < ¢;|.J N Ag|, note that
using J € X, and the technical estimate (122) of Remark 43, we infer that

g ax{r—3,
EZOSQZ'L]OA(J‘ D - < 0'1+p(]1'+17'r§nm {r 30}|JQAO|:I u,
gV

with 1 = Q((log n)?*w), say. Invoking a standard Chernoff bound (see Remark 22), it follows that

P(Z() Z 0_1+pqi+1ﬂ_;nax{r73,0}|J N Ao‘) S P(ZO Z EZO + /.L/Z)

(138)
< exp(=0) < exp (— (105 n)zw)),
which proves (134).
Next we turn to the proof of (135). For each 2 < j < r — 1, to prove an upper bound for Z; as defined
in (132), we first decompose it into two parts. Indeed, note that
éi(i)l,J‘ + ’(Ci(i)l \ éi(-ji-)l,J) N (J N Ai)

Z; = ‘Ci@l meAi‘ <

, (139)
where we (with foresight) used
C'fi)l’J = {v € JN A, : there exists u € Py(i + 1) NT; 41 with u # v and e € Ey s.t.

wv € e, e\ {u,0}) Mol = =1, e\ fw, o) Vil =7 —j — 1}.
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Note that for any vertex v € J N A; in the above definition, there exists a vertex u € Pj(i + 1) such that
v € Y, (i + 1). Exploiting the smooth independence property S;;1 to infer |P;(i 4+ 1)| < f*TDT'il, and the
relaxed neighbor event 571'+1 to infer |}7u(z +1) < D Q"1 for all J € X, it thus follows that

N ~ . _r 1
i+1,J‘§ Z Yu(i+1)| < f7D

u€P;(i+1)

D71 L. (140)

For the second term in (139), note that for any vertex v € (Ci(i)l \C’l(i)l) N (J N Ai), there exists some
vertex-set U € Y, ;(¢) such that U N P;(i +1) = @ and U C I';1;. Therefore

‘( i\ Cm) n (J n A,») > Lwer,.) = Zia-
(Uw)wedNA; ,UEY, ; (1), UNP;(i+1)=92

Combined with f{; C A;r N Y;, we infer that

EZ; 5 < |J 0 Ayl - max |, ;(i)] - pl
vEAQ

-1 j
<CI¢J0A0|'(T . )qf T "D 1'( U#)
J ¢ D71
1\
= (T , )quﬂr; 9170 Aol
J

We shall invoke Theorem 23 via Remark 24 to bound the upper-tail of Z; 5. Using notation from Theorem 23
and Remark 24, we have {(a) := lyqer,,,} for vertices a € A;, and Zjo = Y ;Yo for variables Y,
Livcr,,,}, where the index set Z consists of all ordered pairs a = (U, v) that satisfy v € JN A;, U €Y, ;(i),
and U N P;(i+ 1) = @. Next we shall bound the parameter C' from Remark 24 associate with Z;,. To this
end, given any (U,v) € Z with U C I';41, it suffices to bound the number of relevant (U,ﬁ) € Z, i.e., which
satisfy UNU # @ and U C I';+1. For this we first derive one extra constraint. Since we require Uey, 3 (9),
by definition of Y; ;(¢) in (23), there must be an ‘edge é satisfying 0 € ¢, U Ceé\{o}, e\({v} ul) C V;. Since
we require U C i1 € Vigq, then for any 4 € U by definition of Y3 (i +1), we have 0 € Ya (t+1)NnJnN A,
and by ‘/H-l V ] Fz-‘rl;

@\ {a,0) NVir| = e\ ({0} VD) + U\ {@} | = (r—j =)+ (I~ 1) =r—2. (141)

With this extra constraint in hand, we are now ready to count the number of relevant (U ,0) € Z, as discussed.
As we require U N U # @&, there are at most r ways to choose a vertex @ € U to be in the intersection. Then
there are at most |Yz (i +1)N.J N Ag|, which by the assumption U N P;(i+1) = & is at most FTDTT, ways
to choose ¥ € ?u(l +1)NJ N Ag. Then there are at most Ay ,_2(7 4+ 1) ways to choose an edge é containing
{4, 9} and satisfying (141). Once é is chosen, there are at most 2" ways to choose U contained in é. Therefore
whenever the event A1 holds, it follows that the parameter C' associated with Z; 9 satisfies

C<r fTD™T Do, o(i+1)-2" <r2'fTDF1Q ",
Invoking Theorem 23 via Remark 24, using (122) from Remark 43 it follows that
=1\ ;1
]P)(Zj’Q Z 2 . quiﬂ'i J‘JﬂA0| and M+1>
J

r7122 227“1J 2
(j) ]q |J0AO|

< exp ( — ) <exp( — (logn)’w).
4p2r f~T DT Qr1 (Tgl)oqu: 9170 Ayl ( )

Taking a union bound over all 2 < j <r —1and J € &, , using |X, 5| < n" it readily follows that

Z Z ( G2 > 2( ; 1>ajqi7rirlj|JﬂAo| and J\/i+1> <ne®, (142)

2<j<r—1J€X; 4
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By (122) in Remark 43, and by q?il ~ 1 via Remark 28, 0 < m;, and p <1, for 2 <j <r—1,

-1 j —1—3 max{”r—
FDTIQT! <« 3(r i )quﬂr: TN Ao < ot Py { 3’0}|JOAO|.
Combining this with (142) and (140), by (139), we have

P({Zj > 01+pqi+177§nax{rf3’0}|{]ﬁAo\ for some 2 < j <r—1and J € X, ,} NN NYit1 ﬂSiH) <n-m,

0

Thus we finish the proof of (133)-(135), which together with (132) and a union bound over all J € X, ,
(for (133) and (134)) infers that

P({XJ(Z + 1) < Tiqi+1‘J N Aol — 4rt for some J € Zsﬁ} ﬁM+1 N j)i-i-l N Si+1> >1— n_“’(l). (144) eq:lowerboun

We are now ready to prove concentration of |J N A;y1|. For its upper bound, by (131) and taking a union
bound over all J € % ,, with probability 1 — n=*() for all J € %, we have

For the remaining lower bound on |J N A;41], it suffices to show that the difference between |J N A;11]
and X (i + 1) is small. To see this, obverse that by smooth independence property, (124) in Lemma 44 (to
be proved in Section 4.3.3), and (122) in Remark 43, with probability 1 — n=*M)_ for all J € s~ we have

X+ D\ N4 < Y Yuli+1)] < fTDFT . DETQ !
u€Pj(i+1)

B (145) | eq:boundofdi
< o g e B0 T A 4]

=t

Since |[JNAit1] = |Xs(E+ 1) — | X;GE+ 1)\ (JN Aj41)], using (144) for the lower bound on the former term
and (145) for the upper bound on the latter term, and estimating 7;11 in the same way as the end in the
proof of Theorem 32 so that 7;q;+1|J N Ag| — 4rt — t > T311qi+1|J N Ag|, we have

]P)({|JOAZ+1| < T¢+1qi+1|JﬁA0‘ for some J € 2377} ﬂM+1 ﬁj}zq_l ﬂSi_H)

SP({XJ(Z + 1) < Tiqi+1|J N A0| — 4rt for some J € Zs7w} ﬂM+1 n 5}1‘4_1 mSi-i—l)
+P(|X;(¢+ 1)\ (JNAi41)| >t for some J € )

<n M),

which completes the proof. O

4.3.2 Event Z}: size of |JNI,,| for J € X, ,

In this subsection we prove estimate (126) via Theorem 46 below, which concerns concentration of the number
of |J N I,;,| vertices contain in the final independent set I,, that are also in J, for all configuration J € ¥ .

Theorem 46. We have P(-Z} N XZ<,) < n—e),

The following based proof of Theorem 46 is very similar to the proof of Theorem 33 in Section 3.2,
which simply concerned the number |I,,| vertices in the final independent set I,,,. Here the definition of
configurations will be crucial, since it enables a union bound argument over all J € 3 .

boundofXYinW| Lemma 47. Let T; denote the event that the following bounds hold:

o, _ 0
Xy = Z ‘JﬂAiﬂFH_ﬂE[(l—i)l{]a(l‘i‘i)ll}_a (146)

0<i<m

Yyi= Y [JNANV(Dig)| <805 /9, (147)

0<i<m
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where p = Yo<icm @i [N Aollpi and py =3 0<;, [Ti6i - |J 0 Ao|lpi. Then for any J € s, we have
P(-T;NXL,) < 3n 2w,

Proof of Theorem 46 (assuming Lemma 47). The proof is similar to that of Theorem 33 in Section 3.2 via
Lemma 34. By taking a union bound over all of the at most |X;,| < n" many configurations J € X ,,
using Lemma 47 and w = w(1) it follows that, with probability at 1 —n~*() it follows that (146)—(147) hold
for all J € ¥, 5. We may assume § < 1. By recursive definition of I,,, we have

Xy~ Yy <|JN L] < X, (148)
Noting 1} > Tpp > (1 —8/2)u}, Lemma 47 implies X; < (14 6/2)u} and
Xy=Y;>(1=6/2-0%/9)-u7 > (1-6+8/8)uj.

1/(r-1)
It thus suffices to show that ph ~ 5((log f)/D) |J N Ap|. But this is routine: as J € X, using
qi|J N Aglps > —Z—s?/4> p; = —Z+— by (122) in Remark 43, we have
Dr—1 qiDrfl
Wy = > (@l N Ao £ p:
0<i<m
o mo
~ Y alIN A ——— = ——|JN A (149)
0<i<m D=1 DT
lo =
~6( )Tl
which completes the proof of Theorem 46, as discused. O

Proof of Lemma 47. We start with X; =3, |/ N A;NTi11]. Define

X}:i—&-l = ]l{i‘,-} Z ]].{Uel"i+1} and Xj = Z XI:‘—}-l'

veJNA; 0<i<m

Note that X; = X} when 3€‘£m = No<i<m X; holds. Let Z7, 4 Bin(|g; - |[J N Agl], pi) be independent
random variables. Since the F;-measurable event X;” C AT implies |J N A;| < g; - |J N Ayl, it is easy to see
that P(X}, , >t | F) <P(Z],,, >1t) for t € R. Setting

d :
zi=3 z5,% Y Bm([qi 70 Al pi), (150)
0<i<m 0<i<m
a standard stochastic domination argument then shows P(X} > t) <P(Z} > t) for t € R, so that
P(X;>tand X<,) <P(XT >t) <P(Z] >1). (151)

Since X C A also implies |J N A;| > 7;q; - |J N Ag|, an analogous argument gives

P(X;<tand X%, )<P(Zy <t) with Z; < 3 Bin (mqi 170 A1, pi). (152)

0<i<m

1
Using p; > %u}', (149), f > n", w =Ts = TB(logn)l_ﬁDﬁ and 52578# > 288 by assumption of
Theorem 41, for J € ¥, , we have

o 62
6% min{uy, puj} > 5]

52 1 =
(77 ;)g”) 1 ZyB(lOgn)l_ﬁDﬁ . % > 24w log n.
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Since EZ? = ujf, by standard Chernoff bounds (see Remark 22) we obtain

P(Xs & [(1=6/2u7, (L+6/2)uf] and XL, ) <P(Z5 < (1= 8/2u7 ) + (25 = (1+8/2)5)
< exp(—0%pu7 /8) + exp(—02u} /12) (153) [eq:XUTLYmuin

w

< 2exp(—2wlogn) = 2n"2¥,
Finally, turning to Yy = > ., ,,, [/ N A N V(Dit1)], for brevity we define
Yjit1 = ‘J NA;N V(Di+1)| and Yy i= (SQ[L;/Q. (154)

Note that Y; = Zogi<m Y1 and Yj,;4q € N. Since .’{; = ﬂogjgi %j, a union bound argument gives

P(Y; > 6%u7 /9 and XE, ) < 3 P( () (Voisr = yoas and XE,,))
(7,150 y9,m)ENT 0<i<m
0<i<m yJ,i+1:(yﬂ
< Z H P(YJ,z‘H 2 YJit+1 ‘ ﬂ (Yrj41 > Y541 and x;‘ﬂ))
(Yg,15-Y7,m)ENT  0<i<m 0<j<i

o<i<m YJi+1=[ys]

Gearing up to apply Theorem 23 to Y41, with an eye on D; 1 C B, 41 and I; C V;, we define (as mentioned,
we identify the index o € Z(J) with its first coordinate «; in this application) the index set

Z(J) = U {UQA,-: Ul=34,UNnJNA; # o, thereexistsUQ%,UUUEEH}.
2<j<r

For a € Z(J), there exists a v € o and v € JNA;, a\ {v} € Y, |q—1(4), we infer by the usual reasoning

(m; > o and that X C A NY; implies |J N A4;] < ¢;|J N Aol and |Y, ;(i)| < (r;l)qg‘wrijﬁ) that
r—1
@ UU{v
S E(qacray 7)< Y Y e N N vt
a€Z(J) vEJNA; a€Z(J)wEa vEJNA; j=1U€Y, ; (i)

—(r-1 Gor—1—j i o J+1
<atrnal X (7 alm o (7
j=1

D™
_ 7N A i (r - 1)0_#1#1]-
= A i

_ 10 4|
- Dril

r 2 _r—2 __ . %
2ot m T =y

Since D;+1 is a collection of vertex-disjoint elements of By (and thus {& € D; 41 : anNéa # @} = {a} for all

a € Dit1), using V(Dj41) = UaeDiH aCTy11 CA;, Jof <rand I; CV;, it is not difficult to check that

Yjiis1 = Z lanJNA;| <r- Z ]].{agFHl} <rZz,
a€D;y1 a€Z(J)ND;iq1

where Z; is defined as in Theorem 23. Applying (44) with C' =1 and p = %, (in the probability space
conditional on F;), whenever %; holds it follows that, say,

*
CHyit1

. < yjyi+1/(2’l") : . > *
P(Yyit1 > ysis1 | Fi) <P(Z; > % | F;) < (yj,,-+1/r <o if ysip1 > T@,LLJ71+1/\/E7

1 otherwise.
(156) |Boundeachter

)yJ,i+1/T
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Comparing the definition of ZO§i<m Wyip1 With py, using 7 > 7 > % and ﬁwf‘Z < 6% by (121) in
Remark 43 we see that
re 82u;
Z Ygit1 < \ﬁ Z ,Uj,i“ < T] =YJ-
0<i<m: 0<i<m
Yrit1Srepl i1 /Vo

So, inserting (156) into (155), using > 1 and y; = Q(wlogn), it follows that

YJ
mlogyy
[ys1 [vs1
P(Y; > 8%u7 /9 and XE,,) < S oz W) < (y; 4 2)M0 T < 2,

(Y7,1,--YJ,m)ENT
o<i<m YJi+1=[ys]

completing the proof. O

4.3.3 Event );: crude bound on number |Y,(i)| of relaxed neighbors

In this subsection we prove estimate (124) via Lemma 48 below, which concerns a crude bound on num-
ber |Y,(7)| of relaxed neighbors defined in (107).

Lemma 48. We have IP’(—O}Z» for some 0 < i <m) < n—w®)

The following proof of Lemma 48 is very similar to the proof of Lemma 37 in Section 3.3, which concerned
related (but slightly different) auxiliary variables.

Proof. Then case r = 2 is trivial (since A; < D), so we may henceforth assume that r > 3. Note that when
the coupling (91) from Section 3.3 holds, then for any vertex v € Ay we have

Y, (i) < > Licv,y < > Ligcy+y =Y, ,  (157)
(U,e):e€ By vee,UCe\{v},|U|=r—2 (U,e):e€ By ,ve€e,UCe\{v},|U|=r—2

recalling that VT is a P-random subset of Ag. For all 0 < i < m it follows that
P(Vo(i) > D@ ) <B(V;H > D). (158)

Gearing up to apply the upper tail inequality Theorem 23 to ffj via Remark 24 (exploiting the ‘good’
event G = A1), note that
_ 1) Pr_2 < TDﬁQT‘—Q.
9 <

EY;f <D <T

r—
Next we shall bound the parameter C' from Remark 24 associated with Y;+. Using notation from Theorem 23
and Remark 24, we have {(a) := ly,cy+) for vertices a € Ap, and Y = > acz Yo for variables Y, :=
Liycv+y, where the index set Z consists of all ordered pairs a = (U, ) that satisfy e € Fy, v € e, U C e\{v},
and |U| = r — 2. We shall bound the associated C-term from Remark 24: to this end, given any (U,e) € T
with U C V*, it suffices to bound the number of relevant (U,é) € Z, i.e., which satisty U N U # @ and
U C V*+. For this we first derive one extra constraint. Since we require U C VT, for any 4 € U, an edge é
with (U, é) € Z must satisfy {@,v} C é and

l(e\{a,o}) N VT >|U\a|=r-3. (159)

With this extra constraint in hand, we are now ready to count the number of relevant (U ,€) € T, as discussed.
As we require U NU # &, there are at most r ways to choose a vertex @ € U to be in the intersection. And
then there are at most A2+,r73 (see (92) for definition of this parameter) edges é containing {#,v} and

satisfying (159). And then there are at most 2" ways to choose U C e Tt follows that, whenever the
event A/t holds (which was defined in (93) of Section 3.3), the parameter C associated with Y, satisfies

C<r- A;PS 9T <y 2TDFT QT2
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Invoking Theorem 23 via Remark 24, using Q = ]"25“1 and f > n" we readily infer

1
pr-Igr—1

- 1 C
P(Y," > D71Q "' and N'F) < < > <n v, 160
7, 1< (50 (160)
which in view of inequality (158) and Lemma 36, completes the proof by a standard union bound argument
(to account for all possible vertices v € Ap). O

To sum up, Theorems 45-46 and Lemma 48 together complete the proof of Lemma 44 (and thus Theo-
rem 41, which in turn implies Theorem 7, as discussed).

4.4 Strengthening of Theorem 7: proof of Corollary 8

By proceeding similarly to the way we strengthened Theorem 2 to Corollary 3 in Section 3.4, it is also
straightforward to strengthen Theorem 7 to Corollary 8, the main idea being that I C V,, is stochastically
contained in a P-random vertex-subset of V = Vy,

Proof of Corollary 8. The proof is very similar to the proof of Corollary 3: the only difference is that here
H 1 1
we set € 1= min{(%)ﬁ, (§)77} in the above proof of Theorem 41 (and thus Theorem 7), where the

first requirement comes from (120) (to satisfy Remark 43), and the second ensures n¢ > f¢ > ]"25”1 =Q
in (30). O

4.5 Verifying the smooth independence property

The goal of this section is to prove the smooth independence result Lemma 39, which by definition (10) of the
set of graphs § is equivalent to the following more concrete lemma (that lists all relevant graphs explicitly).

Lemma 49 (Smooth independence). The graph graph H has the smooth independence property if it is one
of the following graphs:
(i) a complete l-vertex graph Ky for fized £ > 4,
(ii) a L-cycle Cy for fized £ > 4,
(ii) a complete bipartite graph K, o for fized a > 4, or
(iv) a k-dimensional cube Q¥ for fized odd k > 5.

The proof of this lemma is spread across the remainder of this section.

In Section 4.5, we set
v —2

pi=n T (161)

Remark 50. As in the proof of Theorem 7, we can assume that in the r-uniform hypergraph Hy we have
1

r=eg, D=0n"""2), f=n" for somen >0, and p = O(D~ 1) satisfying (3)—(6) and Lemma 18, for

graphs H that we consider in Lemma 49.

Let € > 0 be some small constant (specific requirements will be assigned in the proofs of (i)—(iv) in
Lemma 49). As discussed around (91) there is a coupling satisfying V; C V*, where VT is a P-random
vertex-subset of Ag, where each vertex v € Ag is included independently with probability P < pn® by (30)

and the choice of £, € so that f257'71 < nf. We have the following result regarding the inclusion probability.

Lemma 51. For any fized graph F on [n] and oll 0 < i < m, we have P(F CV;) < P¢F < peFpcer,
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4.5.1 Crude auxiliary bounds

The conceptual crux is that Lemma 51 for the occurrence probability in V; corresponds to the occurrence
probability bound [8, Lemma 4.1] in the work of Bohman—Keevash on the H-free process, which means that
we can reuse various estimates from their work that only rely on their Lemma 4.1 (in particular those from [8,
Section 12]). We shall below collect a few such estimates.

First, [8, Lemma 4.1] is used to derive [8, Lemma 4.2], which in view of our Lemma 51 translates (as
discussed) to the following result in our setting.

Lemma 52. For any integers a,b > 1, with probability at least 1 — n=(@+Y) the following holds: for all
A, B C [n] with |A| = a,|B| =b,

max |V;N(Ax B)| < max{4e_1(a +b), pabn2€},

0<i<m

where A x B := {{pl,pz} i pL €A, py € B}.

Second, [8, Lemma 4.2] is then used to derive [8, Lemma 4.3], which in view of our Lemma 51 translates
(as discussed) to the following result in our setting.

Lemma 53. For any integers a,d satisfying 16! < d < a < %dpiln’%, with probability at least 1 —n~

the following holds: for all A C [n] with |A| = a,

a

max |Da q(i)| < 166 'd 'a,
0<i<m

where D 4 4(i) :== {pl € [n]: |{p2 €A: {p1,p2} € V;H > d}.

Similarly, in Section 5 of [8] the analogous version of Lemma 51 for H-free process is used to derive [8,
Lemma 5.1], which in turn is used to derive [8, Lemma 5.2], which in turn is used to [8, Lemma 12.2]. Hence

the following Lemmas 54-56 also hold in our setting.
v —2
For a graph G and a vertex-subset A of G, same as the definition in Section 1.2 of [8], recalling p =n"— e

in (161), we define

Saq = nveAlpea—eatal, (162)

Note that for AC B C Vg, Sp,¢ = SiAé[GB]'

We call (A, G) a strictly balanced pair if Sa,c < Saqp) for all A C B C Vg, or equivalently Sp o < 1
forall AC B C Vg.

For a graph H, an embedding of H in V; is an injection f : V(H) — [n] satisfying for all {p1,p2} € Fp,
{f(p1), f(p2)} € V;. Given a graph G, a vertex-subset A of G, and an injection ¢ : A — [n], let Ny ¢(V;) be
the number of injections g : Vg — [n] satisfying g|4 = ¢ and for all e € Eg \ Ega), g(e) € V.

Lemma 54. Let S} o = nve=|Blpea=caim) for P asin (30). Then for any+ > 0, with probability 1—n—<1),
for any injection ¢ : A — [n] with A C Vg, we have

Nya(Vi) < fY AL Sh.c-

The following simple proof is inspired by arguments of Sileikis and Warnke [22] (see also [10]).

Proof. When the coupling (91) holds, it is enough to prove the result for Ny (V™"), i.e., we replace V; by V'
in the definition of Ny ¢. Fix an injection ¢ : A — [n]. It follows that

E(Nsa)* < Y E( 11 l{gi(EG\Ec[A])gEH) = ), Pliems(Be\Fouml,

(915++9r) 1€ (k] (91,++,9x)

where the sum is over all x-tuples (g1, ..., gx) of injections g; counted by Ny . Note that

9i(Ec \ Egra)) \ Ujeli-1195(Ec \ Egra)) = Eg \ ERg,
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and

9i(Ec \ Egpa)) N (Yjei-1 95 (Ee \ Egra) = Er, \ Egpa)
for some G[A] C R; C G. Taking all possible ‘overlaps’ g;(Eg \ Egla)) With Ujefi—1)g; (EG \ Ega)) into
account, it follows that there are C,, D,; (what may depend on A, G) such that

E(Ng o) < Z Hn”c VR peGTeR; < O ( max  nUeTYI PeeTeIR,
Py G[A|CTCG

Noting that the maximum is attained by induced subgraphs, we infer

max n'¢TYI PG — max npvoIBlpee—ecnl —  max SBG
G[A]CJCG ACBCVg ACBCVg

It follows that for any ¢ > 0, for k > ko(Cy, ) and n > no(Cy) large enough, noting f = n", we have

HD(N(#,G > fw ACI%aCXVG SE,G) < Cﬁf—wn < f—dm/2 < n—(CHva+1)

After taking a union bound (to account for all injections ¢), for all n > ng(C), the failure probability is less
than n~¢. This completes the proof by the usual reasoning (since C' was arbitrary). O

Corollary 55. Assume that €,& > 0 satisfy n&"~' < e. Then, with probability 1 —n=*") | we have Ny.c(V;) <
n4eG6 MaXACBCVg Sng.

Proof. We may assume eg > 1, otherwise the result is trivially true. Note that S‘g a < Q¢ -Spag. We

then invoke Lemma 54 with ¢ := 2671, which in view of f¥Q°¢ = f"/""%cgri1 < prrdec’ T < phece readily
completes the proof. O

The next lemma offers a sufficient condition to verify if a graph H has smooth independence property,
analogous to [8, Lemma 12.2].

Lemma 56. Suppose that ({z,y}, H\{u,v}) is strictly balanced for any two edges {u,v}, {z,y} of H and H
has minimum degree at least 3. Then H has smooth independence property.

Proof. With the help of Corollary 55, which has the same form as Lemma 5.2 in [8], the proof of Lemma
12.2 in [8] carries over (noting that their vertex-set I and edge-set P;(7) play the roles of W and B(W)(i -1)
2

in our setting, respectively). O

For a given vertex p; € [n], we define the set of neighbors and their number as

Nv,(p1) = {P2 € [n]: {p1,pa2} € Vi} and Ny, (p1) ’NV (p1) |

Finally, we can bound the graph degree Ny, (p1) by Lemma 51, an analog of which is used by Bohman—Keevash
to prove [8, Lemma 12.1].

Lemma 57. If the graph H satisfies Zgj < 1, then with probability at least 1 —n=<W) for all py € [n] and
0<71<m,

Ny, (p1) < npn*

Proof. By Lemma 51, for a fixed p; € [n], setting 2 := npn*¢, we have

14+o0(1))e\ 2
P(INv. ()] > 7) < ( )pxn<1+o(1))ex (M) S P —
' -/ - x

We complete the proof by taking a union bound over all p; € [n]. O
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4.5.2 Proof of smooth independence result Lemma 49

With the auxiliary estimates from Section 4.5.1 in hand, we are now ready to verify the smooth independence
property of the graphs listed in Lemma 49. We first focus on cycles Cy with ¢ > 5, where the path counting
argument from [8, Section 12| carries over.

Proof of Lemma 49 (ii). With an eye on Remark 50, we set n7 = 5le so that f7 = n®* (recalling we have
the freedom to choose 7 and €). The proof follows that of [8, Lemma 12.1] by recalling their definition of
smooth independence and the size parameter « in [8, Section 11] and making few minor changes as below.
To avoid clutter of I in their proof with our notation of independent set in hypergraph, we replace their I
with W. We define

W; = {v: Ny, (v) D W,_1| >n1%pn},

and use Lemma 57 to bound the degree of any vertex. With ¢ much less than 1/¢ in mind, i.e. 10£(¢ —1)e <
1/(¢ — 1), their robust proof then carries over. O

We next turn to cliques K, with £ > 5, where the density argument from [8, Section 12] carries over.

Proof of Lemma 49 (i) for £ > 5. When H = K;, we have r = (g), therefore p = n~ =t = n~F1. When
£ > 6, for any distinct edges {x,y}, {u,v} € Ey and vertex-set B satisfying {x,y} C B C Vy, it is easy to
check that Stz.y} (#\(uwe})(B] > Sz}, H\{u}, therefore Sp. v = Steyy, b\ w0}/ Stay) (8 (we))B) < 1
ie., ({z,y}, H \ {u,v}) is strictly balanced. Then Lemma (i) for £ > 6 cases follows from Lemma 56. When
¢ =5, the proof of Lemma 12.3 in [8] carries over (with the same observation as in the proof of Lemma 56). O

Verifying smooth independence of K, is conceptually similar but more involved, and we thus defer the
proof of Lemma 49 (i) for £ = 4 to Appendix A.2.1. The proofs of Lemma 49 (iii)—(iv) for complete bipartite
graphs K, , and k-dimensional cubes Q" are straightforward applications of Lemma 56, and we defer these
routine arguments (that involve a number of technical estimates that are rather tangential to the main
arguments here) to Appendices A.2.2-A.2.3. This completes the proof of Lemma 49 (and thus Lemma 39,
as discussed).

5 Pseudo-randomness: vertex-distribution

The goal of this section is to prove the pseudo-random result Theorem 5 and its consequence Corollary 6,
i.e., to show that the semi-random greedy independent set algorithm constructs an independent set I = I,,,
that intuitively ‘looks like’ a random vertex-subset of V3 (where each vertex is included independently with
a certain probability). To this end we shall prove the following generalization of Theorem 5, which holds for
every intermediate independent set I; of the semi-random algorithm (not just for the final set I = I,,,).

Theorem 58. Fizr > 2 and L > 1. Let H = (V, E) be an r-uniform hypergraph satisfying the assumptions
of Theorem 2. Then, for all W CV of size |W| < L that do not contain an edge of H, for all steps 0 < i <m
we have )
PWCIL) = (1+ 0(1))QLW| with — 0; :== Dci, (163)
r—1
where o = o(f,r) > 0 is defined as in (14) and m = m(,d, D,r) is defined as in (15).

Using the pseudo-random estimate (163), a routine second moment calculation yields the following gen-
eralization of Corollary 6, which again holds for every intermediate independent set I; (not just for I = I,,,).
Let Xg(i) := |E(G[L;])| denote the number of edges in G that are completely contained in the independent
set I; constructed by the semi-random independent set algorithm.

Corollary 59. Fizr,t > 2. Let H = (V, E) be an r-uniform hypergraph satisfying the assumption of Theo-
rem 2. Let G be a t-uniform hypergraph on the vertex-set V', such that no edge of G contains an edge of H.
If IE(G)| - o — 0o and Aa(G) = o(|E(G)| - o) for 1 < a <t — 1, then with high probability

Xg(i) = (1+0(1))|E(G)lo;; (164)

where o; = 0;(f,D,r) > 0 is defined as in (163).
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Proof of Corollary 59 (assuming Theorem 58). Applying Theorem 58 with L = 25, we may henceforth as-
sume that (163) holds for all 1 < x < 2t. The first moment of X¢ (i) therefore satisfies

EXg(i) = |E(G)] - (1 + 0(1))0} — . (165)
Turning to the second moment of Xg (i), note that
EXg(i)>= Y. Y. P(hUf ). (166)
f1EE(9) f2€E(9)

The crux is now that the upper bound
) [f1Uf2]
P(fiufa € L) < (L+0(1)); (167)

follows by a case distinction: (i) if f1 U fo does not contain an edge of #H, then (167) holds with equality
by (163), and (ii) if f1 U fo contains an edge of H, then the probability in (167) equals zero since the
independent set I; contains no edges of H (by construction). Taking into accounts all possible overlaps of any
two hyperedges f1, fo € E(G), using A¢(G) < 1 and t = O(1) together with the assumption that A,(G) =
o(|E(G)| - 0f) for 1 < a < t— 1, by combining (166) with estimates (167) and (165) it follows that

EXg(i)* < [B(G)]? - (1+0(1))g} +0< Y IEG)]-Aulg) - 9?”) = (1+0(1))(EXg(i))",

which readily completes the proof of the with high probability estimate (164) by the second moment method
(i.e., an application of Chebyshev’s inequality). O

In the upcoming proof of Theorem 58 it will be useful to complement the supplement the ‘closure proba-
bility estimate’ (55) from Lemma 29 with the lower bound in (168) below.

Lemma 60. Fiz L > 1. For all W C A; with |W| < L, we have

max{r— i W i Wi
(1 — gl+p/2gmaxir=3.0}y (%) <P(WNCiyy =0 | Xzi) < (q;) . (168)
Proof of Lemma 60. The proof is very similar to that of Lemma 29 (using Y, U+ U Yo, [ < 371 cpc ;i [Yu, |

for the lower bound, and the term o*/2 to absorb constants), and we thus leave the straightforward details
to the reader. O

Proof of Theorem 58. For ¢ = 0 the statement is trivially true, due to Iy = @ and the standard convention
0° = 1. In the following, we may therefore assume i > 1. Suppose W = {v1,...,v,}. Since P(-X<;) = N—«1)
is negligible compared to the main term in the formula, it suffices to estimate the probability of

P(Ul, U €D and 369-). (169)

To estimate this probability, the idea is to sum over all " choices of the steps 1 < i; < i where the vertex v;
is included into the independent set I;; from I;, _; (to clarify: here the steps i; of the vertices do not need
to be distinct, since multiple vertices can be added in each step of the semi-random construction). Hence
for each choice of (i1,...,4,) there is 1 < & < k and steps 1 < my < --- < myz < i and non-empty disjoint
sets J1, ..., Jg satisfying J; U--- U Jz = {v1,...,v.} such that, for each 1 < p <&, the vertices in J, are all
included into the independent set I,,, from I,,,,_1. To facilitate working with these definitions, set

E=E(ma,....mz,J1,. . J2) = [ {Jp CTm, \V(Dm,)} N X<, (170)

1<p<k

Let &; be the event that the first j steps are compatible with the event £. Then an upper bound on (169) is

BE) < [ Bl &),

1§[Smg
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For 1 < /¢ < mg, let h(£) be the smallest p so that £ < m,. When ¢ = m,, for some 1 < p < &, then
o [Jpl
P& | E—1) <P(Jp CTp, | Emp—1) = <1> .
Gm,—1 D77
Otherwise, when £ # m,, for all 1 < p <&, then together with Lemma 60,

Zz <g<k |J(I|
P(ge | 5271) < P((Uh(@SqSRJq) NCy = ‘ 5571) < (%) h(£)< .

Multiplying these probabilities, and noting that most terms cancel, using go = 1, ge—1/q¢ < 1+ O(c/?) (see
Remark 28), 377 |J,| = &, and & < &, it follows that, say

2
PE) < (1+0(0"2)" (=Z2)" = (1 + o(1)) (—Z)". (171)
D1 D1
Putting things together, this establishes the upper bound in (169) by summing the probability (171) over all
the i* possible choices of the vertex-inclusion sequences (i1, ..., ;).
The proof of the lower bound in (169) is conceptually similar, but we need more involved events to
guarantee that certain vertices are added; we defer the more technical details to Appendix A.3. O

6 Final remarks: weaker assumptions

We close by remarking that, with some care in the proofs, we can weaken some of the technical assumptions
used in this paper. For example, Theorem 2 and Corollary 3 are still true if we relax the definition of T in (2)
by restricting to the pairs of vertices v, v’ that are contained in an edge e of H, i.e., replacing assumption (5) by

Ie(H) < D/f, (172)

where the definition of T'.(#) is the same as that of T'(H) from (2), except that we now insist on the two
vertices v, v’ being contained in some edge of H. Note that in the graph case r = 2 (which is not our main
focus) the relaxed parameter I'.(H) counts the maximum number of triangles containing any edge, which
means that (172) is reminiscent of the triangle-free condition used, e.g., by Ajtai-Komlés—Szemerédi [2] and
Shearer [21] in the analysis of the independence number. In the graph case r = 2 of Theorem 2 and Corollary 3,
we can alternatively also replace assumption (5) by

max [{Ec C By : C =2 Cy, v e Vo}| < D*/f, (173)
vEVy
where Cy denotes the 4-vertex cycle, as usual. Note that in this case the left-hand side of (173) counts the
maximum number of 4-vertex cycles containing any vertex, which means that (173) is reminiscent of the
‘girth is at least 5’ condition used, e.g., by Ajtai, Komlds, Pintz, Spencer and Szemerédi [1] and Kim [17] in
the analysis of the independence and chromatic number, respectively.

Finally, the discussion above raises the intriguing question whether assumption (5) is needed in Theorem 2
and Corollary 3, i.e., if the semi-random greedy independent set algorithm still constructs an independent
set I CV of size (7) if assumption (5) is dropped. Perhaps rashly, we speculate that in general some kind of
extra assumption is in fact needed (which does not rule out that assumption (5) can perhaps be relaxed if
one modifies the semi-random construction further).

Acknowledgements. We thank Dhruv Mubayi for encouraging us to include the pseudo-random properties
stated in Section 1.2.1.
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A Appendix: deferred proofs

This appendix only appears in the arXiv version of this paper: it contains some technical proofs deferred from
Section 1.1, Section 4.5.2 and Section 5 (which are somewhat tangential to the main arguments of the paper).

A.1 Auxiliary hypergraph for strictly 2-balanced graphs H (Section 1.1)

ryhypergraph

Proof of Lemma 4. 1t suffices to prove the claim for H = Hpy. Given any edges, the maximum number of
H-copies containing that edge is at most O(n"#~2). Hence the maximum 1-degree of H readily satisfies

A, < AnvH2

for some positive constant A > 0, establishing assumption (3).

To bound A, in assumption (4) from above, given any a edges for 2 < a <r —1 = ey — 1 (a vertices
in hypergraph setting), we shall bound the number of ways to extend them to a copy of H. Let Hy C H be
a subgraph of H with a edges and minimum number of vertices. As 2 < a < r — 1, we have Hy C H and
v, > 3. Note that

rea ) SHtHy
A, =0n""7"M0) and Dr1 = @(n(vH 2) EHflo)

Since H is strictly 2-balanced, it follows that (vg — 2)“—4®

n € (0,1) such that, setting f = n", we have

> vy — vp,. Hence there exists a constant

AGSD%/.]“?

establishing assumption (4).
Since the minimum degree is at least two, we also see that

I(H) = O(n""~2~") < D/f

by choice of f = n" with n € (0, 1), establishing assumption (5).
Finally, the verification of (6) is straightforward and left to the reader. O

A.2 Smooth independence (Section 4.5.2)

quesmoothetc

In this appendix we establish that several graphs have the smooth independence property, giving proofs that
were deferred from Section 4.5.2. The arguments are elementary and often boil down to verifying certain
technical inequalities (that are not particularly insightful, which is why they are deferred to this appendix).

A.2.1 Complete graph K,: proof of Lemma 49 (i) for ¢ =4

Proof of Lemma 49 (i) for £ = 4. The general rule for 7 and € in this proof is that f™ and n* are tiny compared

to D, say f2™n3%(logn)® < D* 7. Let us first discuss how we shall verify the two bounds (109) and (110).
In concrete words, B(W) () defined in Section 4.2 here simply consists of all pairs g; = {¢,d} € Ag with the
2

following property: there are at least f ~T D many pairs go = {z,y} € (VQV) and g1 # go for which adding
both pairs g1, g2 to the edge-set V; creates a copy of K4 containing both ¢;, g2 as edges. Motivated by the
fact that the pair g5 is either disjoint from g; or not, we then introduce the following two sets

B )(z) = {{c, d} € Ap : there are > éf*TDr%l many {u,v} € <V;/) with {u,v} N{c,d} =@

(¥

such that <{C7 d’;’v}) \ ({¢,d}, {u,v}) CV; },

BE%V)) (i) :== {{c, d} € Ay : there are > %f*TDﬁ many {d,u} € <V;/> with {d,u} N{c,d} = {d}
2 (7

{C7 d7 u’ U}

for which there exists v & {¢, d, u} with < 5

)\ eay @up e )
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which by definition satisfy B(V;)(l) c BW (Hu BE?,V) (7). To verify (109), it thus is enough to show that

(%) ;
fﬁzTDTzl. (175) |eq:K4:BW:goa

Turning to P(W)(z) defined in Section 4.2, for j € {1,2} we similarly introduce the following two sets
2

N | =

G) ¢
max |B )| <
je{1,2}| (Vf)()|—

P<£3)(i) = B({Q)(z‘) nv;,

(% (%
which by definition satisfy P(W)('L) C P((é")) (Hu P((a,)) (). To verify (110), it then is enough to show that
2 2 2
max ’P(‘Q (z)‘ < 1f_TDril. (176) |eq:K4:PW:goa
etz (2)771 7 2

We start by verifying the case j = 1 of both (175) and (176). To this end, we introduce

Twi = {c : {¢,d} € B(l))(z’) for some d}.

(5

Then, for any ¢ € Tyw,1 and {c,d} € BE%;V)(Z)7 we have
2

N (€) NV 2 NG (€) NN () N W] 2 2 =5 DT,

where the second inequality holds by definition of Béw)(z), since otherwise {¢,d} could form less than
2

(%f‘%D%‘lfl)F = %f_TDﬁ copies of K, with pairs {u,v} that are disjoint from {c,d}. Therefore
we arrive at the lower bound
1 1 1 , - 1
[Vin (Twai x W)| > = Z Ny, (e) "W | > = —=f"2D3-D - [Ty 4]. (177) | eq:K4:loweru
’ 2 ceETw 1 ' 2 \/6 ’

Using Lemma 52 we can also get an upper bound on |V; N (Ty,1 x W)| that holds with probability 1 —n~<(1)
for all such W simultaneously, leading to

1 T 1
5/a! FDT T ITwal < WVin (Twa x W)| < max{4e™! (T + WD), piTwal - (W} (178)  [eq:Ke:Lovery

Noting that |W| = @((logn)l_ﬁDT%l) and p = @(D_ﬁ), it is easy to check that the term on the
left-most side of (178) is much larger than p|Tw 1| - [W|n?¢, so only the first term in the maximum on the
right-hand side of (178) matters. Since f’gD%‘l*U > 1, it thus follows that (178) implies, say,

I EDTT | < 4e W), (179) [eakariovers
which together with |W| = @((1og n)lfﬁDﬁ) implies
[Tiva| = O((logn)' =7 fE D057 ). (180) [oq:Ka boumd:
It then readily follows that

1
B2 ()] < [Twa* < ©((ogn)*~ = f7D1) < 572D, (181)  [Bur
2
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establishing (175) for j = 1. Recalling that p = @(Diﬁ), using Lemma 52 we also obtain that, with
probability 1 — n=®)| for all relevant sets W we have

|P((3£) ()] < |Vi N (Tw,1 X Tw1)| < max{8 ! |Twl, p- |[Twa|? - n>}

(182)

s 1
< @((logn)lfﬁfipﬁ> < §f*TD,.i1

establishing (176) for j = 1.
It thus remains to verify the case j = 2 of both (175) and (176). For B ))( i), let Ty,2 be the collection

(%
of all ¢ as the notation in (174), that is

Twa = {c : there exists d such that {c,d} € BE?) (z)}

Note that in the above definition, we have {c,u} € V;, which implies [Ny, (c) N W| > %f_TDﬁ. Proceeding
similarly to (177), we thus obtain

1
Vin (Twz x W)l 2 5 Y. Wuenw|=

1,1
FTTDT - |Tiya| = ol P Twal-
ceTw,2

l\D\»—t
G:\H

Using Lemma 52, similarly to (178) we now see that, with probability 1 — n~M for all such W we have

1

/DT T | < Vi (T x W)| < max{de™ (Tieal + W), p- [Tweal - W] - n? . (183)

We now analyze this estimate similarly to (178)-(179) above. Noting that |[W| = @((log n)lfﬁDﬁ)

and p = @(D_ﬁ), the term on the left-most side of (183) is much greater than p - [Tyy.2| - |W] - n*¢, so only
the first term in the maximum on the right-hand side matters. Since f “TDTT > 1, then (183) implies that

[Tl < 9667 |WIf7/D7T = O((logn)! =77 7). (184)
We now claim that @
< T
max {d {e.d) € B G )}’ T logn, (185)

which suffices to complete the proof of Lemma (i) for £ = 4. Indeed, by combining the definition of [Ty s
and (184) with the estimate (185), we then obtain

N N T — = T 1 —T 1 — 4T _—
[P O] < 1By ()] < [Twa| - [ logn < ©((logn)*™ 71 f77) < 3 f"D™T < f =7 D77, (186)

which establishes the remaining case j = 2 of both (175) and (176), as desired.
It thus remains to prove (185), which is based on a case-by-case analysis. To avoid clutter, for any {c,d} €

B? ))( i) we write U, q be the collection of all vertices u that appear in the definition (174) of B (1) with

(% (%)

respect to {c,d}. Note that U, 4 C W, and that by definition of BY ))( i), we have

(%

1 1
Vel = 5 f 7 D7

Fixing ¢ € Tw,2, we are going to find an upper bound on |U. 4 N U, 4| for distinct d,d’. Note that for

{¢,d} and {c¢,d'} in Bé%g)(z) and w € U, q N U.q, there are two copies H with vertex-set {c,d,u,v} and
2

H' with vertex-set {c,d’,u,v'} of K4 minus two edges sitting on {c,d,u} and {c,d’,u} in V;, respectively.

Then the number of such extensions H U H' on {c,d,d’'} is an upper bound on \Uc a N Uca|. There are

two possible graphs G, G2 that are isomorphic to H U H' depending on whether v = v" or not: G1 has 5
vertices & d,d', @, and 5 edges {¢ a}, {¢, v}, {u,0}, {d,0}, {d',0}; Gy has 6 vertices ¢,d,d, 1,7 and 7
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{a,9'}, {d, v}, {d',0}. Let A = {¢ d,d'} and an injection ¢ : A — [n] is
) = d'. Then the number of desired extensions H U H' is the right-hand

edges {¢,a}, {¢,0}, {¢,0'}, {@,v}.

v
defined as ¢(¢) = ¢, ¢(d) = d, ¢(d
side of the following, hence

L

|Ue,aNUc,ar| < Ny, (Vi) + Ny .z, (Vi)

where Ny g, (V;) is defined in Section 4.5.1. By Corollary 55, we have Ng g, < n28¢ MaxXAC BCVg, SB.G;-
With p = n~2/5 in mind, it is routine to check MAXACBCVy, 9B,Gi = SAu{s},G:, = np? = n'/% and
maxAng/Gz SB,GQ = SA,G2 = n3p7 = n1/5. Therefore

|Uc,d N Uc,d/| < n29ent/5,

After these preparations, we are now ready to complete the proof. For a fixed ¢ € Ty 2, assume there
are distinct dy, ..., d, with {c,d;} € B&;)(z) for j = 1,...,k. Aiming at a contradiction, assume that x >

fTlogn. For j = [f"logn], in view of |W| = @((log n)l_ﬁDﬁ) it then follows that

‘ U Uc,dh > Z |Uc,db|_ Z |chdu,mUc7db|

1<b<g 1<b<g 1<a,b<j:a#b

. <2
> %f*TDv'il — %n296n1/5 = @(Dﬁ logn) > W/,
which contradicts that |, <<, Uc,q, € W (as observed above). Hence x < f7logn, which establishes (185)
and thus completes the proof of Lemma (i) for £ = 4. O

A.2.2 Complete bipartite graph K, ,: proof of Lemma 49 (iii)
Lemma 49 (iii) follows from the following more general smoothness result for K, .

Lemma 61. The complete bipartite graph K, with fired a,b > 3 has the smooth independence property
if ab—2(a+b) +3>0, a®>—3a+3>b, and b> —3b+3 > a. For fivred a,b > 4, a sufficient condition for
these inequalities to hold is a > /b + 2 and b > \/a + 2, which in particular holds when a = b.

Proof of Lemma 61 via Lemma 56. For H = K, 3, and for two edges {x, y}, {u, v} with H~ := H\{u, v}, and
{z,y} € B C vg-, we may assume |B| = z1 + 23 forsome 1 < z; <a,1 <2y <band3<z1+20<a+b-—1.
As the assumption of Lemma (iii) guarantees that the minimum degree of H is at least 3, by the conclusion

a+b—2
of Lemma 56 it remains to show for p = n~ @1 that

atb—2
pablefol _ na+b7z17anf 5= (ab—z122—1) <1

SB,H* _ na+b7z17zz

holds for all z1, z5 in the range described as above. It thus is enough to show that

at+b—2

(a+b—21 —2) — 51

(ab—z122 — 1) <0,
or equivalently

g(z1,22) ==(a+b—2)(ab— 2122 — 1) — (ab—1)(a + b — 21 — 22)
=ab(z1 + 22) — (@ +b)z120 — 2ab+ 22129 + 2 — (21 + 22) > 0

for all possible z1, zo. Note that

g—g:abf(a+b)22+22271:f(a+bf2)z2+(abfl).
Z1

Therefore

a+b—2"

dg : ab—1
D21 S 0 if Z9 Z

dg : ab—1
{3z1 Z 0 if ) S

a+b—2"
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ab—1
<+b2

is fixed, then g(-, z2) is an decreasing function with respect to z;. It follows that

This implies that if zo

ab—1
>+b2

is fixed, then g(-, z2) is an increasing function with respect to z;. Furthermore,

if )

dg : ab—1
D2g S 0 if zZ1 atb—2°

dg : ab—1
D2a Z 0 if z1 S atb—2>
>

Therefore if z9 < then

+b 27
9(z1, 22) = min{g(1, 22), 9(2, 22)} = min{g(1,2),9(2,1)},

if 1 <2 < %=L (which is true by our assumption) And it is not hard to check g(1,2) = g(2,1) =

a+b—2
ab —2(a + b) + 3 > 0 by our assumption. If zg > then

+b 27
9(z1, 22) = min{g(a, 22), g(a — 1, 22)} = min{g(a,b—1),g(a — 1,b)},

ifa>a—1> ‘i’b -1 (which is true by our assumption). And it is not hard to check g(a,b—1) = a®?—3a—b+3 >

0 and g(a — 1,b) = b*> — 3b — a + 3 > 0 by our assumption, completing the proof. O

A.2.3 Cube QF: proof of Lemma 49 (iv)

Proof of Lemma 49 (iv) via Lemma 56. As a well-known fact, for any subgraph G of QF, average degree
of G is at most log, ve (see Lemma 4.1 in [12], for example), therefore the number of edges in G is at

most ”GIO#, so that eq < {%J Therefore, for H = Q" and any two edges {z,y}, {u,v}, setting

27 —2
H~ := H\{u,v} and p=n *2*~1-1_ by the conclusion of Lemma 56 it remains to show that

|Bllogy |B]
2

— k_ ok—1_1_
SB7H_ _ an,f|B|peH7 €r—(B) < n2 |B\pk2 1 <1

for all {z,y} C B C Vi with 3 < |B| =: 2 < 2¥ — 1. It thus is enough to show that

2k —2 1
(=2 - e (2 -1 [ ) <o

which is equivalent to

(25— o)k 251 1) < (2F -9 (ko2tt 1 - [ TR, (187)

for all 3 < z < 2% — 1. Note that
Az) :=(2" = 2) (k- 2" — 1 — zlogy(2)/2) — (2F — 2)(k - 2" — 1)
=zk2F 1 — 228 lrlog, 2 — 2k - 28 424 2log, 2 > 0

for all 3 < z < 2*~! will imply that (187) holds for all 3 < z < 2¥~1. We have

11
N(z) = —(2F1 1)1 (k:~2’“*17172’“*1— —)
(2) ( )logy 2z + s T g

For 3 < z < 25~1 we thus se that X attains its minimum at either 3 or 2¥=1. For k > 5, we have

A@RFTY) =2k 2 okt ok lokl jog, (267 1) — 2k 2P 2 4+ 2K log, (2571
=212k~ —2k) + 2P Mk - 2) + 2 > 0,

and
A(3) = (k — 3log, 3) - 2871 + (3log, 3 — 1) > 0.

For 2=t +1 < 2 < 2F — 1, to show that (187) holds, firstly we are going to show

zlogy z < zk — (28 — 2).
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pseudorandom

Set ¢t :=2F — 2 then 1 <t < 2*~! — 1. Our goal is equivalent to showing that

(2% — 1) logy (2% — ) = (2% — 1) <log2(2l;;t) + k> <@~k —t,

or, equivalently, to
t
(2% —t) 10g2<1 - —2k) < —t

for all 1 <t <21 — 1. Set g(t) := (2¥ — ) logy (1 — %) + ¢, then

t 1 1 t 1
‘() = —1 (1——) 2’“—t7(——) 1= —logy(l — —) — — +1,
q'() 089 ok + ( )(17%)1112 ok + Og2( 2]@) 1n2+
is a monotone strictly increasing function when 0 < ¢t < 2871 with ¢/(0) = 1 - 15 < 0 and ¢/(2*7') =

2 — ﬁ > 0. Therefore when 0 < t < 2*~1_ as t increasing, g strictly decreasing first and then strictly increas-
ing, so g attains maximum at ¢ = 0 or 2*=!. Note that g(0) = g(2¥~1) = 0. Therefore max;«;<or-1_1 g(t) <
g(0) = g(2¥=1) = 0. It follows that S

zlogy 2z < zk — (2F — 2)

for 281 +1 < z < 2 — 1. Then for some €y > 0, we have

zlogy z 2k —(2F - 2) — €
=5 < =

Since k is odd, therefore zk — (2% — 2) is even. So

VIOQgQZJ - rk—(2k2— z)—eOJ < zk‘—(?’;— z)—Q'

Go back to (187), it is enough to show for 2F=!1 +1 < z < 2F — 1,

2k — (28 —2) -2
2

h(z) = (2% —2) (k LN - ) —(2F =) (k-2 —1) > 0.

Factoring h we infer that
h(z) = (28 = 2)(2"! — k),

which is strictly greater than 0 when 2¥=! +1 < 2 < 2% — 1 and k > 5, completing the proof. O

A.3 Pseudo-random vertex-distribution (Section 5)

In this appendix we complete the proof of Theorem 58, by giving the proof of the lower bound in (169) that
was deferred from Section 5. This proof is conceptually similar to the upper bound proof in (169) given
in Section 5, but here we need to use more involved events to guarantee that certain vertices are added (these
events are rather technical and not very insightful, which is why they are deferred to this appendix).

Proof of lower bound in (169). Keeping the setup and notations from the proof of Theorem 58 in Section 5,
for step ¢, let h(¢) be the smallest m,, for p = 1,..., & satisfying m,, > . For later reference, we call steps m,,
‘inclusion steps’. In each step ¢, we need to guarantee Uszh(l)‘]‘l’ the inclusion steps of whose vertices are

later, stays in Ay, which in turn means their intersection with I'; U Cy UZ;% Céz) must be empty. With this
in mind we define

Co o= {(UiLiJa) N (T U CL Uacocrn CF)) = 23} (188)

Furthermore, in an inclusion step m,, we want J,, to be included in I';;,,, and none of its vertices is removed,

ie., J,NV(Dy,) = 2. (And, of course, ngh(m,,)th the inclusion steps of whose vertices are later, should

stay in A,,,, as discussed earlier.) For .J, to be included in I', , we define

Rmp = {Jp < Fmp}
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Note that if all the edges e with e N J, # @ satisfy
e\Jp & Vi = Vinp—1 Ulm,, (189)

then {J, NV (D,,,) = @} holds.

There are two types of edges in danger of violating (189). The first type of ‘dangerous” edges e are those
satisfying eN J, # @, (e\ Jp) € Ap,—1U Vi, —1, and (e\ Jp) N Ay, 1 # @. If (e\ Jp) N Ay, —1 €Ty, then
it violates (189). Therefore we define the ‘safeguard’ event for inclusion step m, as

Sy = N {(e\Jp) N Ap,—1 LTy} (190)
e: eNJp#3,
(e\JIp)CAmp—1UVin, —1,
(e\Jp)mAan717£@

to prevent the first type of dangerous edges e violating (189).

The second type of dangerous edges e are those satisfying e .J, # @ and (e \ J,) C V;,,,—1. Note that
Ni<r<m,-1C; already prevents the occurrence of those second type of dangerous edges e with e N J,| = 1,
since otherwise the single vertex in eNJ}, is in Uy <¢<m,—1Cp, a contradiction. Hence to avoid the occurrence
of the remaining second type of dangerous edges e, i.e., those with |e N Jp| > 2, we define a prevention
safeguard event for each step ¢ as

St = ﬂ {(e\ (Uj_nie)Ja)) N Ae1 Z T} (191)
e: [eN(Ug_p(r)Ja)|22,
(e\(th(z)] ))QAEAUVefl,
(e\(uj=h(z)Jq))ﬂAef17érZ
Define

mgfl

ﬂR NS () €ens) N, (192)
p=1 (=1

and let £ be the events that the first j steps are compatible with the event £*. By the above analysis, the
event £* implies the event {UF_,J, C I;} N X<, in (169).
Then we move on to bound the probability

IT e ey

1<e<i
from below. Since P(—%;) < N~ later on it can inductively be shown that
P(€/_y) > N~OW (193)

and thus
P(—~%, | &) = N~vO (194)

for all 1 < /¢ <4, which is negligible compared to the probabilities bounds that follow.
We start with steps 1 < £ < my such that £ # m,, for all 1 < p < k. We rewrite the event C; defined
n (188) as
Co = {(Uisa) N Co = YN {(UE 0 Jg) VT = YN {(UEy o) N (Vaszcro1CF)) = 27},

=:Cy,1 =:Cy,2 =:Cy,3

and infer

P& | £1) = P(Mj1Cei NSeNXe | £74)
> P(Coa | €7-1) =P(Cr2 | E71) —P(=C3 | E71) —P(=S, [ E7-1) —P(=Xe | &1).  (195)
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In the following we shall estimate all the terms in (195), where we think of P(R, | £;_,) as the main term.
Note that, by Lemma 60, we have

maxyr— Z’:z:), |J |
B(Cun | £50) 2 (1= o/ tr o) (L) o P2 (196)
qe—1
Using the fact that | U?:h(g) Jg)| < K, we also infer that
P(=Cr2 | €71) < Kpr (197)
and
r—1
B(~Co | £11) € 3k max Yool — D] -piy. (198)
z=2

For any edge e, we have [e N (Uy ur h(é)Jq)| <r—1by the fact that {v1,...,v.} contains no edge of H. Once
we know the sizes a = [e N (U_,, ;) Jq)| and j = [(e\ (Uf_;, o)) N Ae- 1| the number of the edges e in the

definition (191) of Sp is at most (Eq no) & ) - Agr—a—j(¢ — 1). Therefore

min{r—1, E?:h(@) [Jql} r—a

* R— J, j
P(=S | 1) < > > (Zq—hc(l@ | q') Dar—aei(l—1)-p) . (199)

a=2 j=1

To estimate (198), using X;—1 € Ye—1, m; > 0, and p < 1, for 2 < z <r — 1 (which enforces r > 3) we have

o z(r—1 z
A Y,.(0—1)| < (7) z qr—l=#p¥a
pé—lgé%fy v,z( )|— (H_lDTil ( 5 )‘Ie 1791

r—1 _
< ( >Ul+p/27rznaf{r 3,0} f1-p/2
z

< O_1+p/2 max{r 30}

To estimate (197) and (199), using X,_; € Ny_1, (20), and (40) from Lemma 18, for 2 < a < r — 1,
1 < j <r — a similarly we have

max{rpe—1, Dgr—aj(l—1)-p) |} < 01+p/27r;n_af{r_3’o}.
Putting (197), (198), and (199) together, we obtain
P(=Cep | €i1) +B(~Ces | Ei1) + (=80 | E1y) = ot/ 2m 20, (200)

Combining (195), (196), and (200),

S e 14l
(gl ‘52 1) (1_20_1+p/2 max{r 30})( qe ) h(£) .
qe—1

(201)

Next we turn to inclusion step £ = m,, for some 1 < p < &. We have

P(E; | Ei)
=P(R,NCNSI"NSeNXe | E;y)
>P(Re | € )P(Cen S NSy [ ReNEFy) —P(=Xe | £7)

>P(Re | &1)(1-P(Ce | ReNEy) = PSS | ReNEE ) — P(=Se | ReNEfLy) ) —P(=Xe | €y). (202)

Note that m
P(Re | Ey) = Pyp_q- (203)
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In the following we shall analyze the remaining terms in (202) term by term, where we think of P(R, | £&;_,)
as the main term. We rewrite C; defined in (188) as

Co={Ul_pda NTe = @} {UilpipJa N Se = 2} ﬂ“ueuszhw NIZ1 Nwey, . —iW L Te}.  (204)

.—Cin .=Cin _(in
2,1 2,2 =Cy"

We have
P(=C{'y | ReNE[_y) < hipe—1 = of(log ) 7). (205)
By (24), (20), (39), and Bernoulli’s inequality (1 —z)¥ > 1 —zy for z € (0,1) and y € {0} U[1,00), we have

P(=C)"s | ReNEfy) < K max py -1 < K- pi(r = 1)g; (772 4 oPr U3 D = o((log £)72). (206)
’ vEA_

For C}f%, we distinguish the size of a = [WNJ,| for W €Y, ,({—1) for some u € U§:p+1Jq and1 <z <r-—1.

We have 0 < a < r — 1, since U§:1Jq contains no edge of H. If a = 0, then their contribution is at most the
first part of (207). If 1 < a < min{r — 2, |.J,|}, the safeguard events Ni<;<,,,—1S; ensure that W'\ J, # @:
otherwise let e be an edge such that u € e, W =enNA,_1 C Jp, and e\ {u} UW) C V4_;1 by the definition of
W €Y, .(f—1), but the occurrence of such e is prevented by Ni<¢<m,—18; since [eN (UF_,Jy)| > 2. Setting
1<j=|W\Jp| <r—(a+1) and using W\ J, C As_1, their contribution is at most the second part
of (207). Summing up, we have

P(=Cis | ReNE;y)

R r—1 min{r—2, |Jp|} r—a—1
: | Jp] :
<Y (X maxVase-1lpia+ Y X (; Auttra-1-5(0=1)p)y)  (207)
z=1 a=1 j=1

q=p+1

=o((log f)7?).
Combining (204) with (205)— (207), we have
P(=Ce | ReN&;y) = o((log f)72). (208)

By distinguishing the size of 1 < a = |e N Jp| < min{r — 1,[J,|} and j = [(e\ Jp) N Ap,—1] to bound the
number of edges e in the definition of S;", we infer

P(~S;" | ReN &} y)
(209)

min{rfla ‘Jpl}T—a ‘J |
P
¢

r—1
<( Y max Vo=l pi, + Y Y
j=1 a=2 j=1

Similar as (199), we obtain

)Barast =1 5) = ollog 7).

min{r—1, Z$=p+1 [Jql} r—q

P(~S; | ReNEFy) < 3 3 (Zﬁ—p; 'Jq> Aarai(t=1)pi_y = o((log f)7). (210)
a=2 j=1

By (202), combining (208), (209), and (210) with (203) and (194), we have

* * 92 ag |JP‘
P(E7 | €0) 2 (1= ollog D) ()™ (211)
mp—1 r—1

Next we turn to the steps satisfying mz < £ < i, which requires one extra technical estimate. Namely,
multiplying (201) and (211) up to step mgz, using m01+p/2W?aX{T73’O} < 1 (see (15) together with (39) from
Lemma 18) and ¢;_1/q¢ < 1+ O(0%/?) (see Remark 28), verifies (193) for £ — 1 = mj. Closely inspecting
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the event £/, that the first ¢ steps are compatible with the event £* defined in (192), using (194) it thus
inductively follows that, for mz < ¢ < i,

P& [ E7) =1-P(X, | &) 21— N, (212) |eq:pseudoran

Finally, by multiplying (201), (211), and (212) over all steps, using m01+p/27r;nax{r_3’0} < 1 (see (15)
and (39) in Lemma 18) and similar cancellation as the computation in the upper bound, it follows that

P(£") > (1 +o<1>>(D"1 )",

completing the proof of the lower bound in (169) by multiplying with all ¢* possibilities (similar as we did
in Section 5, for the proof of the corresponding upper bound). O
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