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Abstract

We study a semi-random (Rödl nibble) variant of the random greedy independent set algorithm to
construct a large independent set in a hypergraph. Let r ≥ 2 be a fixed integer and let H be a r-
uniform N -vertex hypergraph satisfying that each vertex is contained in at most D edges. Assuming
min{Nr−1/D,D} ≥ f for some f ≥ (logN)c with c > 0, we prove that if H satisfies some degree and

codegree conditions, then with high probability there are Ω
(
N
(
log f
D

) 1
r−1

)
vertices in the independent

set constructed by the algorithm.
A key improvement of this semi-random variant compared to Bennett and Bohman’s previous random

greedy version is that we replace their requirement of H being D-regular by the maximum degree condi-
tion. We also prove that the independent set constructed by this algorithm has various pseudo-random
properties, including those needed for applications in Ramsey theory. And we prove that the same holds
for a random subhypergraph, i.e., the above properties remain true in the sparse setting.

1 Introduction
sec:Introduction

A hypergraph H is a pair of finite sets (V,E), where VH := V is called the vertex set of H and EH := E
is a collection of subsets of V and called the edge set of H. An independent set of a hypergraph H is a
vertex-subset of VH that contains no edge of H.

Numerous problems in combinatorics can be stated in terms of independent sets in hypergraphs. For
example, let a hypergraph H have vertex-set [n] and edge-set the collection of all k-term arithmetic progres-
sions in [n]. Then the famous Szemerédi’s theorem [23] says that the independent number of such hypergraph
is o(n). For more examples, see the recent breakthroughs using hypergraph containers [4, 20]. For this reason,
lots of efforts have been put in to construct large independent set in hypergraphs (see, e.g., [1, 14, 6]).

In 2013, Bennett and Bohman [6] studied the behavior of a random greedy independent set algorithm
applied to given (deterministic) hypergraph H: the algorithm is defined by starting with an empty vertex-
set and then iteratively adding one vertex of H at each step, chosen uniformly at random subject to the
constraint that no edge of H is formed. They prove that if an r-uniform N -vertex hypergraph H is D-regular
and satisfies some more conditions, then the algorithm with high probability provides an independent set of

size Ω(N( logND )
1

r−1 ). Let Ii be the independent set constructed at i step of the algorithm. They also proved
that for a vertex set W of constant size containing no edge of H, the distribution of W ⊆ Ii obeys some
pseudo-random properties for each i.

In this paper we extend their result: we relax regularity condition to maximum degree condition. Fur-
thermore, we obtain additional pseudo-random properties, which allows us to prove bounds on some types
of Ramsey numbers. For example, this way we obtain the following result (which seems hard to obtain from
a direct analysis of H-free process).

cor:pseudorandomKsfree Corollary 1 (Sample application: pseudo-random Ks-free subgraphs). Given s ≥ 4, there exist ξ0 = ξ0(s)
such that for all δ, γ ∈ (0, 1], ξ ∈ (0, ξ0] and L ≥ L0(δ, γ, ξ,H), the following holds for all n ≥ n0(δ, γ, ξ, L)
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with ρ := ξn−2/(s+1)(log n)1/((
s
2)−1). For any n-vertex graph F , there exists a Ks-free subgraph G ⊆ F on

the same vertex-set such the number of edges satisfies

eG[W ] = (1± δ)ρeF [W ]

for all vertex-sets W ⊆ VF with |W | = ⌈L(log n)1−1/((s2)−1)n2/(s+1)⌉ and eF [W ] ≥ γ
(|W |

2

)
.

1.1 Main result: Independent sets in hypergraphs
subsec:introISET

To state our main result, we need to introduce some hypergraph parameters. For r ≥ 2, let H = (V,E)
be an r-uniform hypergraph with vertex-set V and edge-set EH ⊆

(
V
r

)
. We define the maximum a-degree

parameter
∆a = ∆a(H) := max

A⊆VH:|A|=a

∣∣{e ∈ EH : A ⊆ e}
∣∣, (1) eq:def:adegree

which counts the maximum number of edges of H containing any a-element vertex-set of H. Furthermore,
we define the somewhat technical maximum (r − 1)-codegree parameter

Γ(H) := max
v,v′∈VH:v ̸=v′

∣∣{(e, e′) ∈ EH × EH : v ∈ e \ e′, v′ ∈ e′ \ e, |e ∩ e′| = r − 1}
∣∣, (2) eq:def:codegree

which, for any two distinct vertices v, v′ of H, is an upper bound on the number of (r− 1)-element “common
neighbor” vertex-sets S ⊆ VH such that {v} ∪ S and {v′} ∪ S are both edges of H.

thm:main Theorem 2 (Main Result). Fix r ≥ 2. Let H = (V,E) be a r-uniform N -vertex hypergraph. For any β > 0,
there exist constants ξ, c > 0 (depending on β and r) such that the following holds. If H satisfies

∆1(H) ≤ D, (3) eq:assumption1

∆a(H) ≤ D
r−a
r−1 /f for 1 < a ≤ r − 1, (4) eq:assumption2

Γ(H) ≤ D/f, (5) eq:assumption3

for suitable parameters D and f that also satisfy

f ≥ (logN)c and min
{
D

1
r−1 , N/D

1
r−1

}
≥ fβ , (6) eq:introassump

then the semi-random independent set algorithm produces an independent set I ⊆ V of H of size

|I| ≥ ξN
( log f

D

) 1
r−1

(7) eq:thm:main

with probability at least 1−N−ω(1).

Let Vp denote the binomial random vertex-subset of V , i.e., where each vertex of V is included indepen-
dently with probability p.

cor:inrandomsubset Corollary 3 (Strengthening to random subsets of vertices). Fix r ≥ 2 and ζ > 0. Then, for any β > 0,

there exist constants ξ, c > 0 (depending on β, r and ζ) such that for all p = p(n) satisfying D− 1
r−1 fζ ≤ p ≤ 1

the following holds: after replacing the inclusion I ⊆ V with I ⊆ Vp, the conclusion of Theorem 2 re-
mains valid.

The proof of this corollary is in Section 3.4.
Recall that a graph H is strictly 2-balanced if

eH − 1

vH − 2
>
eH′ − 1

vH′ − 2

for any H ′ ⊊ H with vH′ ≥ 3. It is well-known that any graph H ∈ F defined in (10) later is strictly 2-
balanced. The above definition and the following lemma can be generalized to k-uniform hypergraphs H that
are strictly k-balanced (see [9, Section 3]), which serves as an important class of hypergraphs for applications.
We record this fact for later reference, and include the proof in Appendix A.1 for completeness.

lemma:strictly2balanced Lemma 4. Let H be a strictly 2-balanced graph with minimum degree at least two. Then there exist con-
stants τ,A, n0 > 0 (depending on H) such that, for any n ≥ n0, any subhypergraph H ⊆ HH with vertex-set
V (H) = V (HH) satisfies the assumptions (3)–(6) of Theorem 2 with r = eH , D := AnvH−2 and f := nτ .
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1.2 Pseudo-random properties and Applications

1.2.1 Pseudo-random vertex-distribution
sec:pseudo-random

As another application illustrating the pseudo-randomness of the constructed independent set I, the following
result essentially states that each vertex is included into I with approximately same probability and there is
some independence among them.

thm:vertexdistribution Theorem 5 (Pseudo-random distribution of the independent set). Fix r ≥ 2 and L ≥ 1. Let H = (V,E) be
an r-uniform hypergraph satisfying the assumptions of Theorem 2. Then, for all W ⊆ V of size |W | ≤ L
that do not contain an edge of H, the independent set I constructed by the semi-random independent set
algorithm satisfies

P(W ⊆ I) = (1 + o(1))ϱ|W | with ϱ := ξ

(
log f

D

) 1
r−1

, (8) eq:thm:vertexdistribution:prob

where ξ, f,D > 0 are as in Theorem 2.

Note that the estimate (8) intuitively says that we can think of I as a random subset of VH, where each
vertex is included independently with probability ϱ. This estimate allows us to transfer Second Moment
Methods proofs for such random subsets to the semi-random greedy independent set algorithm. To illustrate
this, we consider a t-uniform hypergraph G on the vertex-set of H, and let XG := |E(G[I])| denote the
number of edges in G that are completely contained in the independent set I constructed by the semi-random
independent set algorithm. The following corollary of Theorem 5 says that the number XG of these edges is
concentrated around its mean under fairly natural conditions (note that edges of G that are contained in H
can impossibly be contained in the independent set I).

cor:pseudo-random Corollary 6. Fix r, t ≥ 2. Let H = (V,E) be an r-uniform hypergraph satisfying the assumption of Theo-
rem 2. Let G be a t-uniform hypergraph on the vertex-set V , such that no edge of G contains an edge of H.
If |E(G)| · ϱt → ∞ and ∆a(G) = o

(
|E(G)| · ϱa

)
for 1 ≤ a ≤ t − 1, then with high probability (i.e., with

probability tending to one as N → ∞) we have

XG = (1 + o(1))|E(G)|ϱt, (9) eq:cor:pseudo-random

where ξ, f,D > 0 are as in Theorem 2, and ϱ = ϱ(ξ, f,D, r) > 0 is defined as in (8).

The proof of this corollary is by a second-moment argument and is given in Section 5.

1.2.2 Construction of pseudo-random H-free graphs

Let F be the collection of all graphs that are either a complete graph Kℓ with ℓ ≥ 4, a cycle Cℓ with ℓ ≥ 4,
a complete bipartite graph Ka,a with a ≥ 4, or a hypercube Qk with odd k ≥ 5, i.e.,

F :=
{
Kℓ : ℓ ≥ 4

}
∪
{
Cℓ : ℓ ≥ 4

}
∪
{
Ka,a : a ≥ 4

}
∪
{
Qk : odd k ≥ 5

}
. (10) def:Ffrak

As a general form of Corollary 1, we have the following theorem as an application of the pseudo-randomness
in the constructed independent set.

thm:pseudorandomHfree Theorem 7 (Pseudo-random H-free graphs). Given H ∈ F, there exist ξ0(H) such that for all δ, γ ∈ (0, 1],
ξ ∈ (0, ξ0] and L ≥ L0(δ, γ, ξ,H), the following holds for all n ≥ n0(δ, γ, ξ, L) with ρ := ξn−(vH−2)/(eH−1)(log n)1/(eH−1).
For any n-vertex graph F , there exists an H-free subgraph G ⊆ F on the same vertex-set such the number of
edges satisfies

eG[W ] = (1± δ)ρeF [W ] (11) eq:thmpseudorandomHfree:edge

for all vertex-sets W ⊆ VF with |W | = ⌈Ln(vH−2)/(eH−1)(log n)1−1/(eH−1)⌉ and eF [W ] ≥ γ
(|W |

2

)
.

We provide the proof of Theorem 7 in Section 4.2.
We can restrict the H-free graph G to be in Fp.

cor:randomH Corollary 8. Given H ∈ F and ζ > 0, there exists ξ0 = ξ0(H, ζ) > 0 such that for all δ, γ ∈ (0, 1],
ξ ∈ (0, ξ0] and L ≥ L0(δ, γ, ξ,H), the following holds for all p = p(n) satisfying n−(vH−2)/(eH−1)+ζ ≤ p ≤ 1:
after replacing the inclusion G ⊆ F with G ⊆ Fp, the conclusion of Theorem 7 remains valid.

We give the proof of Corollary 8 in Section 4.4.
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1.2.3 Applications in Extremal Combinatorics

One can naturally extend the auxiliary hypergraph HH,F discussed for graphs to k-uniform hypergraphs.
It is well-known (see [6, Section 2]) that H

H,K
(k)
n

satisfies the assumptions of Theorem 2 for a large family

of k-uniform hypergraphs H, where K
(k)
n denote the complete n-vertex k-uniform hypergraph with vertex-

set V (K
(k)
n ) = [n] and edge-set E(K

(k)
n ) =

(
[n]
k

)
. A k-unform hypergraph H is called strictly k-balanced if

(eF − 1)/(vF − k) < (eH − 1)/(vH − k) for all induced subhypergraphs F ⊊ H with vF > k.

lem:HfreeHG Lemma 9. Let H be a k-uniform hypergraph that has minimum degree at least two and is strictly k-balanced.
Then there exist constants τ,A, n0 > 0 (depending on H and k) such that, for any n ≥ n0, any sub-
hypergraph H ⊆ HH with vertex-set V (H) = V (H

H,K
(k)
n

) satisfies the assumptions (3)–(6) of Theorem 2

with D := AnvH−k and f := nτ .

The graph Ramsey number R(H,G) is the minimum number n such that for any red and blue edge
coloring of a complete graph Kn, there is either a red copy of H or a blue copy of G. Bohman–Keevash [8]

prove that when H is a fixed complete graph or a cycle, then R(H,Kt) = Ω
(

t(eH−1)/(vH−2)

(log t)(eH−2)/(vH−2)

)
. We can

extend this result as an immediate implication of Theorem 7 for F = Kn.

Corollary 10. Given H ∈ F, we have

R(H,Kt) = Ω

(
t(eH−1)/(vH−2)

(log t)(eH−2)/(vH−2)

)
.

The bipartite Ramsey number b(s, t) is the minimum number n such that for any red and blue edge
coloring of a complete bipartite graph Kn,n, there is either a red copy of Ks,s or a blue copy of Kt,t.

Caro–Rousseau [11] proved that for fixed s, we have b(s, t) = Ω
(
(t/ log t)(s+1)/2

)
. Bal–Bennett [3] im-

proved the logarithmic factor for s = 2 and obtained b(2, t) = Ω(t3/2/ log t). Noting that K2,2 is isomorphic to
C4, we extend the above results as an immediate conclusion of Theorem 7 for F to be the complete bipartite
graph.

Corollary 11. For fixed s = 2 or s ≥ 4, we have

b(s, t) = Ω
(
(log t)1/(2s−2)(t/ log t)(s+1)/2

)
.

We actually prove something more general with weaker assumption than the one on W in Theorem 7.
See Section 4.2 for details.

1.3 Comparison with previous results

Regrading lower bound on the independence number of r-uniform hypergraphs, results were established by
Ajtai, Komlós, Pintz, Spencer and Szemerédi [1], extended by Duke, Lefmann and Rödl [14], and later on by
Bennett and Bohman [6]. In particular, Bennett and Bohman [6] get the following result.

thm:bennett2016note Theorem 12 (Bennett–Bohman [6]). Fix r ≥ 2. Let H = (V,E) be a r-uniform, N -vertex hypergraph. For
any ϵ > 0, there exists a constant ξ > 0 (depending on ϵ and r) such that the following holds. If H is
D-regular and satisfies assumptions (4)–(6) with f = N ϵ and β = 1, then the random greedy independent

set algorithm produces an independent set I ⊆ V of H of size |I| ≥ ξN
(
(logN)/D

) 1
r−1 with probability at

least 1− exp
{
−NΩ(1)

}
.

Remark 13. For r = 2 case, their proof (due to oversight) actually uses the assumption N/D
1

r−1 ≥ Nβ

for some β > 0, which is omitted in the statement of the theorem in [6]. For r ≥ 3, this condition can
be obtained by the double-counting argument explained before. For the error probability, we can actually get
1− exp(−fΩ(1)) in Theorem 2, which is same as Theorem 12 when f = N ϵ.
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They also prove with high probability, the output independent set I possesses some pseudo-random
properties.

An improvement in our Theorem 2 compared to Theorem 12 is that we do not require H to be D-regular,
but just have maximum degree at most D. Another strength is that we do not require the factor f in our
theorem to be some power of N , but just some power of logN .

Cooper and Mubayi [13] study the coloring problem in hypergraphs, and their result also implies a lower
bound on the independence number similar as Theorem 2.

thm:cooper2016coloring Theorem 14 (Cooper–Mubayi [13]). Fix r ≥ 2. Let H = (V,E) be a r-uniform N -vertex hypergraph.
There exist a constant ξ > 0 (depending on r) such that the following holds. If H satisfies assump-
tions (3) and (4) for some parameters D, f ≥ 1, then there exists an independent set I ⊆ V of H of

size |I| ≥ ξN
(
(log f)/D

) 1
r−1 .

Remark 15. They do not need the condition (5) and the bound on f .

An improvement in our Theorem 2 compared to Theorem 14 is that their result only holds for uniformity
r ≥ 3 and just shows existence of the independent set without an efficient algorithm to construct it, while we
can construct such an independent set with high probability for all r ≥ 2. And another strength is that we
study pseudo-random properties of the independent set, which is crucial for applications in Ramsey theory,
while they did not.

2 Semi-random independent set algorithm
sec:definitionofnibble

In this section we formally define the semi-random (greedy) independent set algorithm that we use to find
large independent sets in a given r-uniform hypergraph H. As we shall see, the main result Theorem 2 of
this paper follows from our main technical result Theorem 16 (see Section 2.5), which establishes various
pseudo-random properties of the semi-random algorithm. This in turn requires us to introduce a number of
auxiliary parameters, variables and definitions, which are spread across Sections 2.1–2.6.

We now start with a rough overview of the algorithm, since the formal details are somewhat technical.
To construct an independent set in a hypergraph H, the basic plan is to step-by-step build three kinds of
vertex-subsets of VH: a ‘random-like’ set Vi (union of random chosen vertices up to step i), an independent
set Ii of H, and an ‘available’ set Ai (the vertices which may be added to Vi+1 and Ii+1 in the next step),
satisfying

Ii ⊆ Vi, (12) eq:sizeofEiIi

Ai ⊆
{
v ∈ VH \ Vi : there is no edge e ∈ EH satisfying e \ {v} ⊆ Vi

}
, (13) eq:requirementofAi

where we will intuitively have |Ii| ≈ |Vi|, with Ii having many features of a random vertex-subset of VH.

2.1 Auxiliary parameters
sec:aux

We start by introducing some auxiliary parameters. Set

σ := (log f)−9r and ρ := 1/2. (14) eq:def:sigma

Deferring the choice of the sufficiently small constant ξ > 0 to (37) in Section 2.6, with foresight we define
the total number of steps of the algorithm as

m := ⌊ξ(log f)
1

r−1 /σ⌋. (15) eq:defofm

For 0 ≤ i ≤ m, we then define the parameters qi and πi as

πi := σ + σi, (16) eq:def:pii

qi := e−(σi)r−1

, (17) eq:def:qi
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and also define a ‘relative error’ parameter

τi := 1− (log f)−1 · πi
πm

. (18) taui

Note that πi is roughly σi (starting with π0 = σ > 0 will be convenient later on). Furthermore, since
f ≫ 1, for 0 ≤ i ≤ m the relative error τi decays slowly from 1− o((log f)−1σ) to 1− (log f)−1 = 1− o(1).

2.2 Details of the semi-random algorithm
sec:exactdefofnibble

We now turn to the details of our nibble construction. In step i = 0, we set Γ0 := ∅, and define

A0 := VH and V0 := I0 := ∅. (19) def:V0E0

In step i+1 with 1 ≤ i+1 ≤ m = ⌊ξ(log f)
1

r−1 /σ⌋, we include each vertex v ∈ Ai into Γi+1 independently
with probability1

pi :=
σ

qiD
1

r−1

, (20) eq:def:pi

and then we set
Vi+1 := Vi ∪ Γi+1.

Note that Ii ∪ Γi+1 may contain an edge of H, recalling that some (one vertex is not enough by (13) above)
vertices from Γi+1 can form an edge with vertices in Ii, as formalized by

Bi+1 :=
{
U ⊆ Γi+1 : there exists Û ⊆ Ii such that U ∪ Û ∈ EH

}
. (21)

We ensure that Ii+1 remains an independent set by alteration of Ii ∪ Γi+1: denoting by Di+1 a maximal
collection of vertex-disjoint elements of Bi+1 (say the first one in lexicographic order to resolve ties), we set

Ii+1 := Ii ∪
(
Γi+1 \ V (Di+1)

)
, (22)

where we write V (Di+1) :=
⋃
α∈Di+1

α. With an eye on constructing the available set Ai+1 ⊆ Ai \ Γi+1, a

close inspection of (13) reveals that we have to deal with some newly ‘closed’ vertices (i.e., vertices which
form an edge with some other vertices in Vi+1 = Vi ∪ Γi+1). With this in mind, for any vertex v ∈ A0 and
integer j = 1, . . . , r − 1 we introduce

Yv,j(i) :=
{
W ⊆ A0 \ {v} : |W | = j, and there exists e ∈ H such that

v ∈ e, W ⊆ e ∩Ai, and e \ ({v} ∪W ) ⊆ Vi
}
,

(23) def:setofYvj

where in this paper we shall (to avoid clutter) often use the abbreviation

Yv(i) = Yv,1(i).

For technical reasons we increase the set of closed vertices via the random set Si+1, which is a random subset
of Ai where each vertex v ∈ Ai is included into Si+1 independently with probability

p̂v,i := 1− (1− pi)
max

{
(r−1)qi

(
πr−2
i +σρπ

max{r−3,0}
i

)
D

1
r−1 −|Yv(i)|, 0

}
. (24) eq:hpvi

For j = 1, . . . , r − 1 we then introduce

C
(j)
i+1 :=

{
v ∈ Ai : there exists W ∈ Yv,j(i) such that W ⊆ Γi+1

}
, (25) eq:def:cCi+1j

and define the ‘closed’ and available set of vertices as

Ci+1 := C
(1)
i+1 ∪ Si+1,

Ai+1 := Ai \
(
Γi+1 ∪ Ci+1 ∪

⋃
2≤j≤r−1

C
(j)
i+1

)
,

(26) eq:closed:available

1Our setup and assumptions will guarantee that we indeed have pi ∈ (0, 1), see Remark 19 in Section 2.6.
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which ensures that Ai+1 satisfies the inclusion property (13). The purpose of adding the ‘self-stabilization’
set Si+1 to Ci+1 is that we intuitively want to make the ‘closure’ probability

P(v ̸∈ Ci+1 | Ai, Vi) = P(v ̸∈ C
(1)
i+1 | Ai, Vi) · (1− p̂v,i)

= (1− pi)
max

{
(r−1)qi

(
πr−2
i +σρπ

max{r−3,0}
i

)
D

1
r−1 , |Yv(i)|

} (27) eq:hope

equal for all available vertices v ∈ Ai (and thus independent of history), by keeping track of the upper bound
on |Yv(i)| = |Yv,1(i)|; see equation (50) and Lemma 27 in Section 3.1.1 for the details.

To summarize: at this point we have constructed the three vertex-subsets Vi+1, Ii+1, Ai+1 of A0 = VH,
and we iteratively repeat this construction until we obtain Vm, Im, Am at the end of the algorithm. In other
words, the semi-random algorithm constructs the independent set I := Im.

2.3 Pseudo-random heuristic for the size of Im
sub:pseudo-randomintuition

In this section we give a heuristic explanation for size |Im| of the resulting final independent set Im, based
on the heuristic that the vertex-sets Ai, Vi resemble some random subsets of A0. In particular, our pseudo-
random ansatz is that every vertex satisfies

P(v ∈ Vi) ≈
πi

D
1

r−1

and P(v ∈ Ai) ≈ qi, (28) eq:qipii

where the different choices v ∈ Vi are independent. This heuristic suggests πi ≈ σi, since π0 ≈ 0 and

πi+1 − πi

D
1

r−1

≈ P(v ∈ Vi+1)− P(v ∈ Vi) ≈ P(v ∈ Γi+1 | v ∈ Ai)P(v ∈ Ai) ≈ piqi =
σ

D
1

r−1

,

which is consistent with our definition (16) in Section 2.2. Recalling (13), the main requirement for v ∈ Ai is
that no edge e containing v satisfies e \ {v} ⊆ Vi. Since the hypergraph H has maximum degree at most D,
our pseudo-random ansatz (combined with the Poisson paradigm) suggests that

qi ≈ P(v ∈ Ai) ≈ P
( ⋂
e∈EH:v∈e

{
e \ {v} ̸⊆ Vi

})
≥
(
1−

( πi

D
1

r−1

)r−1
)D

≈ e−(σi)r−1

.

Using the self-stabilization mechanism discussed around (27), we will intuitively be able to show that this holds
with ≥ replaced by ≈ (as one would expect if H was D-regular), which is consistent with our definition (17)
from Section 2.2. Together with |Im| ≈ |Vm| (see the heuristic description below (13)) as well as πm ≈ σm ≈
ξ(log f)

1
r−1 and |A0| = |VH| = N (see (15) and (19)), this in turn makes it plausible that

|Im| ≈ |Vm| ≈ E(Vm) ≈
∑
v∈A0

P(v ∈ Vm) ≈ |A0| ·
πm

D
1

r−1

≈ ξN
( log f

D

) 1
r−1

,

which is consistent with the conclusion of Theorem 2 in Section 1 about the size of the resulting independent
set I = Im (see Theorem 16 in Section 2.5 for a rigorous version of these heuristic considerations).

2.4 More auxiliary variables and parameters
sub:defandpara

We now introduce some additional auxiliary variables and parameters. Recall that our goal is to track |Im|.
As we shall see, this requires us to track |Ai| and |Vi|, which in turn requires us to bound the variables |Yv,j(i)|
defined in (23), which in turn requires us to bound the following auxiliary variables:

∆j,ℓ(i) := max
J⊆A0:|J|=j

∆J,ℓ(i) with ∆J,ℓ(i) :=
∑

e∈EH:J⊆e

1{|(e\J)∩Vi|≥ℓ}. (29) eq:def:cDjell

In our (upcoming) somewhat crude bounds on these auxiliary variables we shall use the parameters

P := D− 1
r−1Q with Q := f2ξ

r−1

, (30) def:P

where we intuitively think of P as an ‘inclusion probability upper bound’ (see (90)–(91) in Section 3.3)
and Q≫ (log f)1/(r−1) as an ‘error term’.
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2.5 Main technical result: pseudo-random properties
sub:definitionandparameter

In this section we state our main technical result Theorem 16 for the semi-random independent set algorithm,
which implies our main result Theorem 2 and establishes various pseudo-random properties of the constructed
vertex-subsets (Ai, Vi, Ii,Γi, Si)0≤i≤m of A0 := VH.

Our main interest concerns the following event, which controls the size of the final independent set:

Im :=
{
|Im| ∈ (1± δ)ξ|A0|

( log f
D

) 1
r−1
}
, (31) eq:def:eventI

where the small parameter δ > 0 is to be specified in Theorem 16. As discussed in Section 2.4, in order to
control |Im| we need to control a number of additional random variables. To take this into account, for each
0 ≤ i ≤ m we define the ‘good’ events

Xi := Ai ∩ Yi ∩Ni ∩ Pi and X≤i :=
⋂

0≤j≤i

Xj , (32) cGi

where the following events capture various pseudo-random properties of our algorithm:

Ai :=
{
τiqi|A0| ≤ |Ai| ≤ qi|A0|

}
, (33) eq:def:eventA

Yi :=
{
|Yv,j(i)| ≤

(
r − 1

j

)
qji π

r−1−j
i D

j
r−1 for all v ∈ A0 and 1 ≤ j ≤ r − 1

}
, (34) eq:def:eventY

Ni :=
{
∆j,ℓ(i) ≤ D

r−(j+ℓ)
r−1 f−1{j+ℓ<r}Qℓ+1 for all j, ℓ ∈ N with 2 ≤ j ≤ r − ℓ

}
, (35) Delta

Pi :=
{ ∑
J∈Yv,j(i)

|Yv′(i) ∩ J | ≤ D
j

r−1 f−1Q2r−(j+1) for all distinct v, v′ ∈ A0 and 1 ≤ j ≤ r − 1
}
. (36) Gamma

Note that the bounds in (31) and (33)–(36) are consistent with the pseudo-random intuition derived
in Section 2.3; see (28) and also (30). For example, in (35) the variable ∆J,ℓ(i) is excepted to be less than

∆j2
r(Q/D

1
r−1 )ℓ, since there are at most ∆j edges f containing J , at most 2r ways to choose more than ℓ

vertices from f in Vi and each choice occurs with probability at most (Q/D
1

r−1 )ℓ. For simplicity we here
discarded the constant 2r by crudely enlarging the Qℓ factor to Qℓ+1 in (35), which has negligible impact on
our arguments since there is some elbow-room when we use this auxiliary bound on ∆J,ℓ(i).

We are now ready to state our main technical result regarding the semi-random independent set algorithm,
which concretely says that the pseudo-random events Im and X≤m both hold with very high probability. By
considering the independent set I := Im, in view of the event Im from (31) and |A0| = |VH| = N we see that
Theorem 16 with δ = 1/2, say, implies our main result Theorem 2, after rescaling ξ in the lower bound (7)
on |I| = |Im| by a factor of two, say. The simple proof of Corollary 3 is given in Section 3.4.

thm:boundofI Theorem 16 (Main technical result). Fix r ≥ 2. Let H = (VH, EH) be a r-uniform N -vertex hypergraph
satisfying the assumptions (3)–(6) of Theorem 2 for some β ∈ (0, 1]. Then there are ξ, c > 0 (depending on
β and r) such that, whenever δ ≥ (log f)−1 in (31), we have

P(Im ∩ X≤m) ≥ 1−N−ω(1).

rem:step0 Remark 17. The event X0 = A0 ∩ Y0 ∩N0 ∩ P0 holds deterministically.

2.6 Technical estimates and choices of constants ξ, c
sec:Choice

For concreteness, we now make the following choices of the constants ξ and c:

ξ :=
( β

37r

) 1
r−1

and c :=
2

3ξr−1
. (37) eq:defofxiandc1

For later reference (see Section 3.4 and 4) we remark that our arguments work with any choice of ξ, c ∈ (0,∞)
that satisfy

ξ ≤ (β/(37r))
1

r−1 and c ≥ 2/(3ξr−1). (38) eq:cxismallclarge
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We have made no effort to numerically optimize these constraints, which lead to the following convenient
technical estimates (whose details can safely be ignored on a first reading: they are mainly for later reference).
Recall that ρ = 1/2 by (14).

lemma:assumption67 Lemma 18. If the assumptions of Theorem 16 hold, then f → ∞ as N → ∞, and the following estimates
are valid for all 0 ≤ i ≤ m:

max
x≥ρ,

0≤y≤2r

σxπyi = o
(
(log f)−2

)
, (39) eq:sigmapi

max
−6r≤j,k,x,y,z≤6r

σxqji π
y
iQ

k(log f)z

min{f, fβ , D
1

r−1 }
≪ f−β/2, (40) eq:assumption6

min{fβ/2, Q} ≫ logN. (41) eq:assumption7

Proof. Using (14)–(16), it is routine to establish estimate (39) by noting that

max
x≥ρ,

0≤y≤2r

σxπyi ≤ σρπ2r
m ≤ (log f)−9r/2 ·

(
2ξ(log f)1/(r−1)

)2r
= o
(
(log f)−2

)
.

We next turn to estimate (40). Recalling (14)–(17) and (30), we have 1 ≥ qi ≥ qm ≥ f−ξ
r−1

> 0,

Q = f2ξ
r−1

and σx, πyi = (log f)O(1), so that

f−
β
2 max

−6r≤j,k,x,y,z≤6r
σxqji π

y
iQ

k(log f)z ≤ f−
β
2 +6r·ξr−1+6r·2ξr−1+o(1).

The power of f in the last term above is strictly less than zero, since 36rξr−1 < β follows from (38).

Combining this with the bounds min{f,D
1

r−1 } ≥ fβ and 0 < β ≤ 1 from (6) establishes estimate (40).

Finally, note that (38) and f ≥ (logN)c also imply that f
β
2 ≫ f2ξ

r−1

= Q ≥ (logN)4/3, which readily
establishes estimate (41).

rem:piPprobability Remark 19. Lemma 18 implies that pi and P defined in (20) and (30) are well-defined probabilities, i.e.,
both satisfy pi, P ∈ (0, 1).

2.7 Concentration tools
sec:ToolsBounds

In this final preparatory section we gather (for later reference) some variants of the ‘bounded differences’ con-
centration inequality and standard Chernoff bounds, which we shall later use to prove various concentration
bounds. On a first reading the reader may perhaps wish to skip straight to Section 3.

thm:BDI Theorem 20 (Bounded differences inequality). Let (ξα)α∈I be a finite family of independent random vari-
ables with ξα ∈ {0, 1}. Let f : {0, 1}|I| → R be a function, and assume that there exist numbers (cα)α∈I such
that the following holds for all z = (zα)α∈I ∈ {0, 1}|I| and z′ = (z′α)α∈I ∈ {0, 1}|I|: |f(z) − f(z′)| ≤ cα0

if
zα = z′α for all α ̸= α0. Define X := f

(
(ξα)α∈I

)
and λ :=

∑
α∈I c

2
αP(ξα = 1). Then, for all t ≥ 0,

P(X ≥ EX + t) ≤ exp

(
− t2

2λ

)
(42) eq:BDImon

if the function f is decreasing (i.e., that f(z) ≤ f(z′) whenever zα ≥ z′α for all α ∈ I).

rem:BDI:LT Remark 21. Define C := maxα∈I cα. If we drop the assumption that f is decreasing, then

max
{
P(X ≤ EX − t), P(X ≥ EX + t)

}
≤ exp

(
− t2

2(λ+ Ct)

)
. (43) eq:BDI

rem:chernoff Remark 22 (Chernoff bounds). In the special case X =
∑
α∈I ξα we have C = cα = 1 and λ = EX.

Standard Chernoff bounds (or applying (42)–(43) to the decreasing function −X) then show that in this case
P(X ≤ EX − t) and P(X ≥ EX + t) are at most the right-hand side of (42) and (43), respectively.
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For random variables with a special combinatorial form involving occurrence of events with bounded
‘overlaps’, we need the following Chernoff-type upper tail estimate, which is a convenient corollary of a more
general result by Warnke [26, Theorem 9]. Note that the exponent of (44) scales with 1/C.

thm:UT Theorem 23 (Limited dependencies upper tail inequality). Let (ξa)a∈A be a finite family2 of independent
random variables with ξa ∈ {0, 1}. Let (Yα)α∈I be a finite family of variables indexed by ordered pairs
α = (α1, α2) with Yα := 1{ξa=1 for all a∈α1} and E

∑
α∈I Yα ≤ µ. Define ZC := max

∑
α∈J Yα, where the

maximum is taken over all J ⊆ I with maxα∈J |{α̂ ∈ J : α1 ∩ α̂1 ̸= ∅}| ≤ C. Then for all C, t > 0,

P(ZC ≥ µ+ t) ≤ min

{(
eµ

µ+ t

)(µ+t)/C

, exp

(
− t2

2C(µ+ t)

)}
. (44) eq:C

rem:UT Remark 24. Let Y :=
∑
α∈I Yα. If G is an event that implies |{α̂ ∈ I : α1∩α̂1 ̸= ∅, ξa = 1 for all a ∈ α̂1}| ≤

C for all α ∈ I with Yα > 0 (i.e. ξa = 1 for all a ∈ α1), then for µ and ZC as defined in Theorem 23 we have

P(Y ≥ µ+ t and G) ≤ P(ZC ≥ µ+ t).

3 Analysis of the nibble
sec:analysisofthenibble

The goal of this section is to prove our main nibble result Theorem 16, which as discussed implies our main
independence set result Theorem 2. To this end we shall prove the following auxiliary result Lemma 25,
which consists of the three separate estimates (45)–(47) below (and a minor refinement of its proof also yields
the stronger ‘random vertex-subset’ conclusion recorded in Corollary 3, see Section 3.4 for the details).

lemma:auxiliarylemma Lemma 25. Under the assumption of Theorem 16, with ξ, c > 0 satisfying (38), we have

max
0≤i<m

P
((

¬Yi+1 ∪ ¬Ai+1

)
∩Ni+1

∣∣∣ X≤i

)
≤ N−ω(1), (45) eq:eventofYvjAv

P
(
¬(Ni ∩ Pi) for some 0 ≤ i ≤ m

)
≤ N−ω(1), (46) eq:eventofCrudeboundsi

P(¬Im ∩ X≤m) ≤ N−ω(1). (47) eq:eventofItm

Proof of Theorem 16 (assuming Lemma 25). Note that m = (log f)O(1) ≤ NO(1) by the assumed bound (6).
Hence, since X0 holds deterministically by Remark 17, in view of the good event Xi = Ai ∩Yi ∩Ni ∩Pi and
inequalities (45)–(46) we readily obtain that

P(¬X≤m) ≤ N−ω(1) +
∑

0≤i<m

P
(
¬Xi+1 ∩Ni+1 ∩ Pi+1 ∩ X≤i

)
≤ N−ω(1) +

∑
0≤i<m

P
((

¬Yi+1 ∪ ¬Ai+1

)
∩Ni+1

∣∣∣ X≤i

)
≤ O(m) ·N−ω(1) ≤ N−ω(1),

(48)

which together with inequality (47) completes the proof of Theorem 16.

rmk:noneedextra Remark 26. In the proof of Lemma 25, the constraint N/D
1

r−1 ≥ fβ in (6) is only used in the proof of (47).
Hence, for any hypergraph H satisfying the assumptions of Theorem 16 except for that constraint, for any
choice of ξ, c > 0 satisfying (38), we have

P(X≤m) ≥ 1−N−ω(1).

The proof of Lemma 25 is spread across the remainder of this section, and its proof structure is as follows.
Before proving the crude bounds (46) for Ni and Pi in Section 3.3 (see Theorem 35), in Section 3.1.1 we prove
some preliminary lemmas regarding P(v ̸∈ Ci+1) as well as a generalization form of it (Lemma 27 and 29),

2In this paper, every time we apply Theorem 23, each index α has its unique first coordinate α1, i.e., {α̂ ∈ I : α̂1 = α1} = {α}.
Therefore in those cases we always identify α with α1, i.e., we use singletons directly rather than pairs as indices in I.

10



which reveal the technical benefit of the self-stabilization mechanism introduced around (24)–(27). At the
beginning of Section 3.1.2 we bound

∑
u∈Ai

|Yu(i)∩J | from above (Lemma 30), which turns out to be closely
related to the λ term (57) used in later applications of the bounded differences inequality (see Theorem 20
and Remark 21). In the next part of Section 3.1.2 we then bound |Yv,j(i + 1)| from above (Theorem 31).
This one-sided bound is enough to show concentration bounds for |Ai+1| for 0 ≤ i < m in the second part of
Section 3.1.2 (Theorem 32) and for the size of final independent set |Im| in Section 3.2 (Theorem 33), which
together establish the remaining estimates (45) and (47) of Lemma 25.

3.1 One-step analysis: events Yi+1 and Ai+1
subsec:one-step

In this subsection, we prove estimate (45) of Lemma 25, which concerns the auxiliary events Ai and Yi defined
in (33) and (34). To avoid clutter, we often omit the conditioning from our notations: we often write P(·) and
E(·) as an abbreviation of P(· | Fi) and E(· | Fi), where (Fi)0≤i≤m is the natural filtration associated with
(Ai, Vi, Ii,Γi, Si)0≤i≤m, as usual. And we also assume that the Fi-measurable event X≤i holds. Note that
conditional on Fi, by the construction of the random vertex-sets Γi+1 and Si+1, the (conditional) probability
space formally consists of 2|Ai| independent Bernoulli random variables (1{u∈Γi+1},1{u∈Si+1})u∈Ai , with

P(u ∈ Γi+1) = pi = σ/(qiD
1/(r−1)) and P(u ∈ Si+1) = p̂u,i (see (20) and (24) in Section 2.2).

3.1.1 Effect of self-stabilization: nearly equal ‘closure’ probabilities
subsubsec:self-stabilization

In intuitive words, the following key auxiliary estimate (49) says that the ‘closure’ probabilities P(v ̸∈ Ci+1)
are approximately the same for all vertices v ∈ Ai. Here the self-stabilization mechanism introduced
around (24)–(27) is crucial (see also (50) in the below proof): without this extra twist vertices with higher
degree would tend to be closed with higher probability (as they are more likely to be contained in edges
without this extra twist; cf. the heuristic discussion in Section 2.3). As we shall see, Lemma 27 and the
variant Lemma 29 below will often be used together with Ai+1 ⊆ Ai \Ci+1 to estimate various expectations.

probnotinC Lemma 27. For any vertex v ∈ Ai we have

P(v ̸∈ Ci+1)−
qi+1

qi
∈
[
− 3

2
(r − 1)σ1+ρπ

max{r−3,0}
i , −1

2
(r − 1)σ1+ρπ

max{r−3,0}
i

]
. (49) eq:estimateprobnotinC

rem:auxilaryboundsofsigma Remark 28. The proof also establishes 0 ≤ qi − qi+1 ≤ qi ·O(σπr−2
i ) ≤ σ1/2qi by (53).

Proof. Since X≤i ⊆ Yi implies |Yv(i)| ≤ (r − 1)qiπ
r−2
i D

1
r−1 , by definition of p̂v,i in (24) we have,

P(v ̸∈ Ci+1) = (1− pi)
|Yv(i)|(1− p̂v,i) = (1− pi)

(r−1)qi

(
πr−2
i +σρπ

max{r−3,0}
i

)
D

1
r−1

. (50) eq:probnotinC

As we shall see, noting piqiD
1

r−1 = σ, this identity eventually implies inequality (49) by elementary (but
slightly tedious) calculations; the reader may wish to skip the below details on a first reading.

Turning to the details, using that |(1− x)κ − (1− κx)| ≤
(
κ
2

)
x2 for all κ ∈ [2,∞) and x ∈ [0, 1], with (40)

we infer ∣∣∣∣P(v ̸∈ Ci+1)−
(
1− (r − 1)σπr−2

i − (r − 1)σ1+ρπ
max{r−3,0}
i

)∣∣∣∣
= O

(
σ2π

2(r−2)
i + σ2+ρπ

r−2+max{r−3,0}
i + σ2+2ρπ

2max{r−3,0}
i

)
.

(51) eq:probnotinC1

We now claim that ∣∣∣1− (r − 1)σπr−2
i − qi+1

qi

∣∣∣ ≤ σ2 ·O(π
2(r−2)
i + 1{r≥3}π

r−3
i ), (52) eq:probnotinC2

which together with (51) establishes inequality (49) by a short calculation (using πi = O(log f), σ = (log f)−9r

and ρ = 1/2). Turning to the proof of (52), using Taylor’s Theorem and q(t) := e−t
r−1

, in view of qi = q(iσ)
and πi = (i+ 1)σ it is routine to check that∣∣∣qi − qi+1 + σq′(iσ)

∣∣∣ ≤ σ2

2
max

η:iσ≤η≤(i+1)σ
|q′′(η)| ≤ σ2 ·O

(
π
2(r−2)
i + 1{r≥3}π

r−3
i

)
· qi. (53) eq:probnotinC3
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Furthermore, by the Binomial Theorem and πi ≥ σ we have (using the standard convention 00 = 1)∣∣∣∣σ q′(iσ)qi
−
(
− (r − 1)σπr−2

i

)∣∣∣∣ = (r − 1)σ · |(πi − σ)r−2 − πr−2
i | = 1{r≥3}O(σ2πr−3

i ). (54) eq:probnotinC4

Dividing (53) by qi, now inequality (52) follows readily, completing the proof (as discussed).

multiprobnotinC Lemma 29. For all 1 ≤ j ≤ r − 1 and distinct vertices w1, . . . , wj ∈ Ai, we have

P(w1, . . . , wj ̸∈ Ci+1) ≤
(qi+1

qi

)j(
1− 1

8
σ1+ρπ

max{r−3,0}
i

)
. (55) eq:probnotinCmulti

Proof. The case j = 1 follows from Lemma 27 and the fact qi+1/qi ∼ 1 (see Remark 28).
We henceforth assume j ≥ 2, which enforces r ≥ 3. Similar to (50), using inclusion-exclusion, we have

P(w1, . . . , wj ̸∈ Ci+1) =(1− pi)
|Yw1

(i)∪···∪Ywj
(i)| ·

j∏
ℓ=1

(1− p̂wℓ,i)

≤(1− pi)
−

∑
1≤s<t≤j |Yws (i)∩Ywt (i)| ·

j∏
ℓ=1

P(wℓ ̸∈ Ci+1).

Note that X≤i ⊆ Pi implies |Yws
(i) ∩ Ywt

(i)| ≤
∑
J∈Yws,1(i)

|Ywt
(i) ∩ J | ≤ D

1
r−1 f−1Q2r−2 =: y for s ̸= t, and

that pi · y ≪ σ1+ρπ
max{r−3,0}
i = o(1) by (39)–(40) in Lemma 18. It follows that

P(w1, . . . , wj ̸∈ Ci+1) ≤
(
1 + o

(
σ1+ρπ

max{r−3,0}
i

)) j∏
ℓ=1

P(wℓ ̸∈ Ci+1),

which in view of Lemma 27 and qi+1/qi ∼ 1 (see Remark 28) routinely establishes inequality (55).

3.1.2 Events Yi+1 and Ai+1: partial neighbors and available vertices
subsubsec:partialneighboravailablevertices

Conditional on Fi, the random variables that we shall consider later on will be of form

X = f
((
1{v∈Γi+1},1{v∈Si+1}

)
v∈Ai

)
, (56) eq:Xf

where (1{v∈Γi+1},1{v∈Si+1})v∈Ai are Bernoulli random variables with P(v ∈ Γi+1) = pi = σ/(qiD
1/(r−1))

and P(v ∈ Si+1) = p̂v,i ≤ 1 (see the discussion at the beginning of Section 3). In many cases we will use
the bounded differences concentration inequality (see Theorem 20 and Remark 21) to bound the tails of the
random variable X of form (56). For this purpose, we need to consider the following two parameters: we
define the vertex-effect cv as an upper bound on how much X can change if we modify the indicator 1{v∈Γi+1}
(alter whether v is in Γi+1 or not), and the stabilization-effect ĉv as an upper bound on how much X can
change if we modify the indicator 1{v∈Si+1} (alter whether v is in Si+1 or not). For convenience, we will
frequently estimate the associated parameter λ from Theorem 20 via

λ =
∑
v∈Ai

c2vpi +
∑
v∈Ai

ĉ2vp̂v,i ≤ pi
∑
v∈Ai

c2v +
∑
v∈Ai

ĉ2v, (57) eq:lambdainBDI

which can often be further bounded by bringing the following double-counting based estimate into play.

intersection Lemma 30. If X≤i holds, then
∑
u∈Ai

|Yu(i) ∩ J | ≤ (r − 1)qiπ
r−2
i D

1
r−1 · |J | for any J ⊆ A0.

Proof. For u ∈ Ai, note that w ∈ Yu(i) implies u ∈ Yw(i). Hence∑
u∈Ai

|Yu(i) ∩ J | =
∑
w∈J

∑
u∈Ai

1{w∈Yu(i)} ≤
∑
w∈J

∑
u∈Ai

1{u∈Yw(i)} ≤
∑
w∈J

|Yw(i)|,

which completes the proof, since |Yw(i)| ≤ (r − 1)qiπ
r−2
i D

1
r−1 by X≤i ⊆ Yi.
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After these preparations we are now ready to prove estimate (45), and we start by bounding the number
|Yv,j(i+ 1)| of partial neighbors from above, cf. (34). Here the basic proof idea is to bound |Yv,j(i+ 1)| via
several more tractable auxiliary random variables (see (58) below), which in turn can be bounded by the
concentration inequalities from Section 2.7 (with some technical effort) .

thm:Yvj Theorem 31. We have P(¬Yi+1 ∩Ni+1 | Fi) ≤ N−ω(1) when X≤i holds.

Proof. As discussed, we shall henceforth omit the conditioning on Fi from our notation. Fix 1 ≤ j ≤ r−1. In
intuitive words, a set W of size j is in Yv,j(i+1) only if it either (a) ‘stays’ in Yv,j , or (b) ‘newly enters’ Yv,j .
More formally, W ∈ Yv,j(i + 1) implies that either (a) W ∈ Yv,j(i) and W ∩ Ci+1 = ∅, or (b) there is
some U ′ ∈ Yv,k(i) with U

′ ⊇W and U ′ \W ⊆ Γi+1. It follows that

|Yv,j(i+ 1)| ≤
∑

W∈Yv,j(i)

1{W∩Ci+1=∅}︸ ︷︷ ︸
=:Y ∗

v,j

+
∑

j+1≤k≤r−1

∑
(U,U ′):U ′∈Yv,k(i),U⊆U ′,|U |=k−j

1{U⊆Γi+1}︸ ︷︷ ︸
=:Y +

v,j,k

.

(58) Yvji+1

Note that the right-hand side of (58) reduces to Y ∗
v,j for j = r − 1. Since X≤i ⊆ Yi implies |Yv,j(i)| ≤(

r−1
j

)
qji π

r−1−j
i D

j
r−1 , invoking Lemma 29, we obtain

EY ∗
v,j ≤

(
r − 1

j

)
qji π

r−1−j
i D

j
r−1 ·

(qi+1

qi

)j(
1− 1

8
σ1+ρπ

max{r−3,0}
i

)
.

Furthermore, since X≤i ⊆ Yi implies |Yv,k(i)| ≤
(
r−1
k

)
qki π

r−1−k
i D

k
r−1 , it routinely follows (substituting s =

k − j in the last equality) that

r−1∑
k=j+1

EY +
v,j,k ≤

∑
j+1≤k≤r−1

|Yv,k(i)|
(

k

k − j

)
pk−ji

≤
∑

j+1≤k≤r−1

(
r − 1

k

)
qki π

r−1−k
i D

k
r−1 ·

(
k

k − j

)
pk−ji

=

(
r − 1

j

)
qjiD

j
r−1

∑
1≤s≤r−1−j

(
r − 1− j

s

)
σsπr−1−j−s

i .

(59) eq:EYvjk

Expanding πr−1−j
i = πr−1−j

i+1 −
(
(πi + σ)r−1−j − πr−1−j

i

)
via the Binomial Theorem, it follows that

EY ∗
v,j +

∑
j+1≤k≤r−1

EY +
v,j,k ≤

(
r − 1

j

)
qji+1π

r−1−j
i+1 D

j
r−1 − 1

8

(
r − 1

j

)
σ1+ρqji+1π

r−1−j+max{r−3,0}
i D

j
r−1

+

(
r − 1

j

)
(qji − qji+1)D

j
r−1

∑
1≤s≤r−1−j

(
r − 1− j

s

)
σsπr−1−j−s

i .

(60) eq:EYvj

With the intention of simplifying these expressions, our next aim is to show that the last term of (60) is

negligible compared to the second last one. Using that qi ∼ qi+1 ≥ qi

(
1 − O(σπr−2

i )
)
by Remark 28, and

that σπr−2
i ≪ 1 by (39), it follows that

qji − qji+1 = qji

(
1−

(qi+1

qi

)j)
≤ qji+1O(σπr−2

i ). (61) eq:qij-qi+1j

With an eye on the sum (60) and the above estimate (61), note that πi ≥ σ implies σπr−2
i · σsπr−1−j−s

i ≤
σ2πr−1−j+r−3

i for all 1 ≤ s ≤ r − 1− j (which in turn also enforces r ≥ j + 2 ≥ 3). Putting things together,
using ρ < 1 it follows that(

r − 1

j

)
(qji − qji+1)D

j
r−1

r−1−j∑
s=1

(
r − 1− j

s

)
σsπr−1−j−s

i ≪ σ1+ρqji+1π
r−1−j+max{r−3,0}
i D

j
r−1 .
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In concrete words, this establishes that on the right-hand side of (60), the last term is indeed negligible
compared to the second last one (as intended). Defining with foresight

t :=
1

16r

(
r − 1

j

)
σ1+ρqji+1π

r−1−j+max{r−3,0}
i D

j
r−1 , (62) def:t

in view of estimates (58)–(60), the above discussion and (34), for the proof of Theorem 31 it thus remains to
show that

max
v∈A0

[
P
(
Y ∗
v,j ≥ EY ∗

v,j + t
)
+

∑
j+1≤k≤r−1

P
(
Y +
v,j,k ≥ EY +

v,j,k + t and Ni+1

)]
≤ N−ω(1). (63) type12

For the upper bound on Y ∗
v,j in (63) we shall use the bounded differences inequality (Theorem 20), which

requires us the to bound the parameter λ from (57) associated with Y ∗
v,j , i.e.,

λ ≤ pi
∑
u∈Ai

c2u +
∑
u∈Ai

ĉ2u. (64) eq:lambdainBDI:Yvj

The vertex-effect cu (an upper bound on how much Y ∗
v,j changes if we alter whether u ∈ Γi+1 or u ̸∈ Γi+1)

satisfies cu ≤
∑
J∈Yv,j(i)

|Yu(i) ∩ J |. Using X≤i ⊆ Pi, by Lemma 30 and the estimate from (34) for |Yv,j(i)|
it thus follows that∑

u∈Ai

cu ≤
∑
u∈Ai

∑
J∈Yv,j(i)

|Yu(i) ∩ J | =
∑

J∈Yv,j(i)

∑
u∈Ai

|Yu(i) ∩ J | ≤ O(qji π
r−1−j
i D

j
r−1 · qiπr−2

i D
1

r−1 ).

Furthermore, if u ̸= v, then using X≤i ⊆ Pi, we may apply the estimate from (36) to obtain cu ≤
D

j
r−1 f−1Q2r−(j+1). In the case u = v, we claim that cv = O(qiπ

r−2
i D

j
r−1 ) holds, which in case of j = 1 is

immediate from X≤i ⊆ Yi and (34), since then

cv ≤
∑

J∈Yv,1(i)

|Yv(i) ∩ J | =
∑

w1∈Yv(i)

∑
w2∈Yv(i)

1{w1=w2} = |Yv(i)| = O(qiπ
r−2
i D

1
r−1 ).

In the case 2 ≤ j ≤ r − 1, using X≤i ⊆ Yi ∩Ni and (34)–(35), we obtain that

cv ≤
∑

J∈Yv,j(i)

∑
w1∈J

∑
w2∈Yv(i)

1{w1=w2} ≤ |Yv(i)| ·∆2,r−j−1(i) = O(qiπ
r−2
i D

j
r−1 f−1Qr−j),

since for any w ∈ Yv(i) with w ∈ J for some J ∈ Yv,j(i), there is an edge e ∈ EH containing {v, w} with
|(e \ {w, v}) ∩ Vi| ≥ r − j − 1 (as v ̸= w must hold when w ∈ J ∈ Yv,j(i) by definition (23)). The number of
such edges is at most ∆2,r−j−1(i) (see (29) for definition of this parameter), and each such edge can contain
at most one element from Yv,j(i). Noting that (40) and β ≤ 1 imply f−1Qr−j ≪ 1 then completes the proof

of the claimed bound cv = O(qiπ
r−2
i D

j
r−1 ). Putting the above-discussed estimates together, it follows that∑

u∈Ai

c2u ≤
(

max
u∈Ai:u̸=v

cu

)
·
∑
u∈Ai

cu + c2v

≤ O
(
D

j
r−1 f−1Q2r−(j+1) · qj+1

i π2r−3−j
i D

j+1
r−1

)
+O

((
qiπ

r−2
i D

j
r−1
)2)

.

Recall the definition (62) of t, and that pi = σ/(qiD
1

r−1 ) by (20). Comparing the power of D (which is
the main term), by noting the presence of f−1 and using inequality (40) from Lemma 18 together with the
estimate qi ∼ qi+1 from Remark 28, it follows that

pi
∑
u∈Ai

c2u = O
(
f−β/2t2

)
.

Note that the stabilization-effect ĉw (an upper bound on how much Y ∗
v,j changes if we alter whether w ∈ Si+1

or w ̸∈ Si+1) satisfies ĉw ≤
∑
J∈Yv,j(i)

1{w∈J} ≤ ∆2,r−j−1(i), since for any J ∈ Yv,j(i) with w ∈ J , there is
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an edge e ∈ H containing {w, v} with |(e \ {w, v})∩Vi| ≥ r− j− 1 (as w ̸= v by definition of Yv,j(i) in (23)).
The number of such edges is at most ∆2,r−j−1(i) (see (29) for definition of this parameter), and each such
edge can contain at most one element from Yv,j(i). Using X≤i ⊆ Yi ∩ Ni to bound |Yv,j(i)| and ∆2,r−j−1(i)
via (34)–(35), together with inequality (40) from Lemma 18 and qi ∼ qi+1 from Remark 28 it follows that∑

u∈Ai

ĉ2u ≤
(
max
u∈Ai

ĉu

)
·
∑
u∈Ai

∑
J∈Yv,j(i)

1{u∈J}

≤ ∆2,r−j−1(i) · j · |Yv,j(i)|

≤ D
j−1
r−1Qr−j · j ·

(
r − 1

j

)
qji π

r−1−j
i D

j
r−1 = O

(
f−β/2t2

)
.

To sum up, the parameter λ from (64) associated with Y ∗
v,j satisfies λ = O(f−β/2t2). Since Y ∗

v,j is a decreasing
function, by invoking the tail inequality Theorem 20 and the estimate (41) from Lemma 18 we obtain that

P
(
Y ∗
v,j ≥ EY ∗

v,j + t
)
≤ exp

(
− t2

2λ

)
= exp

(
− Ω(fβ/2)

)
= N−ω(1).

For the upper tail of Y +
v,j,k in (63) we shall invoke the ‘limited dependencies’ upper tail inequality of

Theorem 23 via Remark 24 (exploiting the ‘good’ event G = Ni+1). Using the notations in Theorem 23 and
Remark 24, we have ξa := 1{a∈Γi+1} for vertices a ∈ Ai, and Y

+
v,j,k =

∑
α∈I Yα for variables Yα := 1{U⊆Γi+1},

where the index set I consists of all ordered pairs α = (U,U ′) that satisfy U ′ ∈ Yv,k(i) and U ⊆ U ′, as well
as |U | = k − j. Similarly to (59), we have

EY +
v,j,k ≤ |Yv,k(i)| ·

(
k

k − j

)
pk−ji ≤

(
r − 1

k

)(
k

k − j

)
σk−jqji π

r−1−k
i D

j
r−1 =: µ. (65) eq:Y*vj

Next we shall bound the parameter C from Remark 24 associated with Y +
v,j,k: to this end, given any (U,U ′) ∈

I with U ⊆ Γi+1, it suffices to bound the number of relevant (Û , Û ′) ∈ I, i.e., which satisfy U ∩ Û ̸= ∅
and Û ⊆ Γi+1. For this we first derive one extra constraint. Since we require Û ′ ∈ Yv,k(i) by definition (23)

of Yv,k(i), the k-set Û
′ must be contained in some edge ê with v ∈ ê such that the (r−1−k)-set ê\ ({v}∪ Û ′)

is contained in Vi. Since we also require Û ⊆ Γi+1, for any û ∈ Û it then follows (using Vi+1 = Vi∪Γi+1) that

|(ê \ {û, v}) ∩ Vi+1| ≥ |ê \ ({v} ∪ Û ′)|+ |Û \ {û}| = (r − 1− k) + (k − j − 1) = r − j − 2. (66) eq:requirementofhate

With this extra constraint in hand, we are now ready to count the number of relevant (Û , Û ′) ∈ I, as discussed.
Namely, there are at most r ways to choose a vertex û ∈ U to be in the non-empty intersection U ∩ Û . Then
there are at most ∆2,r−j−2(i + 1) ways (see (29) for definition of this parameter) to choose an edge ê
that contains {û, v} and satisfies the constraint (66). Once ê is chosen, there are at most 2r ways to
choose Û ′ ⊆ ê, and then at most 2r ways to choose Û ⊆ Û ′. Therefore, whenever the event Ni+1 holds, using
the definitions (62) and (65) of t and µ together with inequality (40) from Lemma 18 and estimate qi ∼ qi+1

from Remark 28, it follows that the parameter C associated with Y +
v,j,k satisfies

C ≤ r ·∆2,r−j−2(i+ 1) · 22r ≤ r · 22r ·D
j

r−1 f−1Qr−j−1 ≤ f−β/2 min
{ t2
µ
, t
}
. (67) eq:Y*vj:C

Invoking the upper tail inequality Theorem 23 via Remark 24, using (41) from Lemma 18 it follows that

P
(
Y +
v,j,k ≥ EY +

v,j,k + t and Ni+1

)
≤ exp

(
− t2

2C(µ+ t)

)
= exp

(
− Ω(fβ/2)

)
= N−ω(1),

which completes the proof of Theorem 31 (as discussed around (63) above).

Recall that the event Ai+1 defined in (33) concerns the number |Ai+1| of available vertices. Next we
estimate the size of |Ai+1|, which together with Theorem 31 proves estimate (45) of Lemma 25. As before,
here the basic proof idea is to estimate |Ai+1| via several auxiliary random variables (see (68) and (71)–(72)
below) that are more amenable to the concentration inequalities from Section 2.7.
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thm:Ai Theorem 32. We have P(¬Ai+1 ∩Ni+1 | Fi) ≤ N−ω(1) when X≤i holds.

Proof. We start with the upper bound for |Ai+1|. Note that by construction

|Ai+1| ≤
∑
v∈Ai

1{v ̸∈Ci+1} =: X. (68) eq:def:Ai+1X

Since X≤i ⊆ Ai implies |Ai| ≤ qi|A0|, using Lemma 27, we infer

EX ≤ qi|A0|
(qi+1

qi
− 1

2
(r − 1)σ1+ρπ

max{r−3,0}
i

)
= qi+1|A0| −

1

2
(r − 1)σ1+ρqiπ

max{r−3,0}
i |A0|︸ ︷︷ ︸

=:t

.
(69) eq:def:Ai+1y

In order to bound X from above, we now proceed similar to the upper bound on Y ∗
v,j in the proof of

Theorem 31: indeed, the plan is to invoke the bounded differences inequality Theorem 20 to X, which
requires us to bound the parameter λ from (57) associated with X. Note that the vertex-effect satisfies cu ≤
|Yu(i)| ≤ (r − 1)qiπ

r−2
i D

1
r−1 due to X≤i ⊆ Yi, and that Lemma 30 implies

∑
u∈Ai

cu ≤
∑
u∈Ai

|Yu(i) ∩Ai| ≤
(r − 1)qiπ

r−2
i D

1
r−1 · |Ai|. Furthermore, the stabilization-effect clearly satisfies ĉu ≤ 1{u∈Ai}. Since X≤i ⊆ Ai

implies |Ai| ≤ qi|A0|, using (40) from Lemma 18 and the assumption |A0|/D
1

r−1 ≥ fβ it follows that the
parameter λ from (57) satisfies (for t as defined in (69) above), say,

λ ≤ pi ·
(
max
u∈Ai

cu

)
·
∑
u∈Ai

cu +
∑
u∈Ai

1{u∈Ai},

≤ σ

qiD
1

r−1

· (r − 1)qiπ
r−2
i D

1
r−1 · (r − 1)qiπ

r−2
i D

1
r−1 |Ai|+ |Ai|

≤ r2σq2i π
2(r−2)
i D

1
r−1 |A0| = O

(
f−β/2t2

)
.

(70) temlambda

SinceX is decreasing, by the tail inequality Theorem 20 (with t as defined in (69) above) and the estimate (41)
from Lemma 18 we obtain that

P(|Ai+1| ≥ qi+1|A0|) ≤ P(X ≥ EX + t) ≤ exp
(
− t2

2λ

)
≤ exp

(
− Ω(fβ/2)

)
= N−ω(1).

We now turn to the lower bound for |Ai+1|, which is more elaborate. Note that by construction

|Ai+1| ≥
∑
v∈Ai

1{v ̸∈Ci+1}︸ ︷︷ ︸
=X

−
∑
v∈Ai

1{v∈Γi+1}︸ ︷︷ ︸
=:X1

−
∑

2≤j≤r−1

∑
v∈Ai

1{v∈C(j)
i+1}︸ ︷︷ ︸

=:X2,j

. (71) lowerbound

We shall enlarge the last term in the inequality (71) to make it related to X1 in (71) and a variable we

have already studied in (58). Note that if v ∈ Ai and v ∈ C
(j)
i+1, then by definition of C

(j)
i+1 in (25), there

exists U ∈ Yv,j(i) of size j such that U ⊆ Γi+1. Then by definition of Yv,j(i) in (23), there exists an edge
e ∈ H such that {v} ∪ U ⊆ e, U ⊆ Ai, and e \ ({v} ∪ U) ⊆ Vi. For a vertex w ∈ U , since v ∈ Ai, then
W ′ := {v}∪ (U \{w}) is of size j and is contained in e∩Ai, and e\ ({w}∪W ′) = e\ ({v}∪U) ⊆ Vi, therefore
W ′ ∈ Yw,j(i) and W :=W ′ \ {v} ⊆ Γi+1 (so {v} =W ′ \W ). It follows that

X2,j =
∑
v∈Ai

1{v∈C(j)
i+1}

≤
∑
w∈Ai

1{w∈Γi+1}
∑

(W,W ′):W ′∈Yw,j(i),W⊆W ′,|W |=j−1

1{W⊆Γi+1}︸ ︷︷ ︸
= Y +

w,1,j

≤ X1 · max
w∈Ai

Y +
w,1,j .

(72) relationX3jZjnew

To sum up, in view of (71) and (72), to obtain the desired lower bound |Ai+1| ≥ τi+1qi+1|A0| from (33), it
remains to bound X from below, and bound X1 and maxw∈Ai Y

+
w,1,j from above (to avoid clutter we omit

the precise bounds here, and only show in the end that we indeed obtain the desired lower bound).
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Bounding X defined in (68) from below is very similar to the above-discussed upper bound. Indeed, using
Lemma 27 and |Ai| ≥ τiqi|A0|, similar to (69) here we obtain, with room to spare (using r instead r − 1),

EX ≥ τiqi+1|A0| −
3

2
rτiσ

1+ρqiπ
max{r−3,0}
i |A0|︸ ︷︷ ︸

=:3t

. (73) eq:lowerbound:E:t

In order to apply the bounded differences inequality from Remark 21 to X with t as defined in (73) above,
we need to bound the parameter λ from (57) associated with X, for which the same asymptotic bound λ =
O(f−β/2t2) holds as in (70) since τi ≥ 1/2. Here we also need to bound the related parameter C from
Remark 21, which by similar reasoning as for λ satisfies

C = max
u∈Ai

max{cu, ĉu} ≤ max
u∈Ai

max{|Yu(i)|, 1} ≤ (r − 1)qiπ
r−2
i D

1
r−1 = O(f−β/2t).

Invoking Remark 21 with t as defined in (73) above, it follows that, say,

P
(
X ≤ τiqi+1|A0| − 2rτiσ

1+ρqiπ
max{r−3,0}
i |A0|

)
≤ P(X ≤ EX − t) ≤ exp

(
− t2

2(λ+ Ct)

)
≤ exp

(
− Ω(fβ/2)

)
= N−ω(1).

(74) X1

Next we bound X1 defined in (71) from above, for which we shall use a standard Chernoff bound (see
Remark 22). Recalling |Ai| ≤ qi|A0|, note that by construction

EX1 = |Ai| · pi ≤
|A0|σ
D

1
r−1

=: µ.

Similarly as before, using assumption (6) and (40) from Lemma 18, we infer that |A0|/D
1

r−1 ≥ fβ and
thus µ = Ω(fβ/2). Applying Remark 22 with C = 1 and λ = EX1 ≤ µ, it follows that

P
(
X1 ≥ 2|A0|σ/D

1
r−1

)
≤ P(X1 ≥ EX1 + µ) ≤ exp

(
− µ/4

)
≤ exp

(
− Ω(fβ/2)

)
= N−ω(1). (75) X2

With an eye on (72) we now bound maxw∈Ai
Y +
w,1,j from above, exploiting that the random variable

Y +
w,1,j is a special case of Y +

v,j,k defined in (58). Similarly as in the expectation calculations for (59) and (65)

for EY +
v,j,k, note that for w ∈ Ai and 2 ≤ j ≤ r − 1 (which implies r ≥ 3) we here have

EY +
w,1,j ≤

(
r − 1

j

)
qji π

r−1−j
i D

j
r−1 ·

(
j

j − 1

)( σ

qiD
1

r−1

)j−1

=

(
r − 1

j

)(
j

j − 1

)
σj−1qiπ

r−1−j
i D

1
r−1 =: µj .

To bound Y +
w,1,j from above, we shall invoke the ‘limited dependencies’ upper tail inequality of Theorem 23 via

Remark 24 (exploiting the ‘good’ event G = Ni+1). Whenever the event Ni+1 holds, then by arguing similarly
as for the corresponding bound (67) for Y +

v,j,k, we see that the parameter C associated with Y +
w,1,j satisfies

C ≤ 2r · r ·∆2,r−3(i+ 1) · 2r ≤ r · 22r ·D
1

r−1 f−1Qr−2.

Together with (40)–(41) from Lemma 18, now Remark 24 implies that

P
(
Y +
w,1,j ≥ 2µj and Ni+1

)
≤ P

(
Y +
w,1,j ≥ EY +

w,1,j + µj and Ni+1

)
≤ exp

(
−

µ2
j

2C · 2µj

)
≤ exp

(
− Ω(fβ/2)

)
= N−ω(1).

Taking a union bound over all vertices w ∈ Ai and 2 ≤ j ≤ r − 1, it readily follows that∑
2≤j≤r−1

P
(
max
w∈Ai

Y +
w,1,j ≥ 2µj and Ni+1

)
≤ N−ω(1). (76) second
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Finally, we are ready to bound |Ai+1| from below. In view of the three probabilistic estimates (74)–(76),
a moment’s thought reveals that to this end we may assume the three bounds

X ≥ τiqi+1|A0| − 2rτiσ
1+ρqiπ

max{r−3,0}
i |A0|, (77) eq:X:lower

X1 ≤ 2|A0|σ/D
1

r−1 , (78) eq:X1:upper

max
w∈Ai

Y +
w,1,j ≤ 2µj for all 2 ≤ j ≤ r − 1. (79) eq:Yw1j:upper

Turning to the details, using the inequalities πi ≥ σ, τi ≥ 1/2 and ρ < 1, for 2 ≤ j ≤ r− 1 we first note that

2µj = 2

(
r − 1

j

)(
j

j − 1

)
σj−1qiπ

r−1−j
i D

1
r−1 ≪ τiσ

ρqiπ
max{r−3,0}
i D

1
r−1 .

Using inequality (72), the above-mentioned upper bounds (78)–(79) for X1 and Y +
w,1,j thus imply that

∑
2≤j≤r−1

X2,j ≤
∑

2≤j≤r−1

2
|A0|σ
D

1
r−1

· 2µj ≤ τiσ
1+ρqiπ

max{r−3,0}
i |A0|.

Using inequality (71), the above-mentioned bounds (77)–(78) for X and X1 therefore yield that, say,

|Ai+1| ≥ τiqi+1|A0| − 4rτiσ
1+ρqiπ

max{r−3,0}
i |A0|.

Since qi/qi+1 ≤ 5/4 by Remark 28, using πi ≤ πm and τi ≤ 1 it follows that

|Ai+1| ≥ qi+1|A0|
(
τi − 5rσρπmax{r−2,1}

m

σ

πm

)
.

Note that (39) in Lemma 18 implies σρπ
max{r−2,1}
i ≪ (log f)−1. Using πi+1 = πi + σ, see (18), we also have

τi+1 = τi − (log f)−1 · σ/πm. Putting these estimates together, we obtain that

|Ai+1| ≥ τi+1qi+1|A0|,

which in view of (33) completes the proof of Theorem 32, as discussed.

3.2 Size of the final independent set: event Im
sub:II

In this subsection we prove estimate (47) via Theorem 33 below, which deals with the size of the final
independent set Im via the event Im defined in (31). Inspired by [15, Section 3.5], in order to estimate |Im| it
will be convenient to think of the entire nibble construction as one evolving stochastic process, see the proof
of Lemma 34 below (this viewpoint differs from the previous Section 3.1, where we analyzed the relevant
random variables by separately considering the changes in each ‘step’ of the nibble construction).

thm:II Theorem 33. We have P(¬Im ∩ X≤m) ≤ N−ω(1).

boundofXY Lemma 34. Let T be the event that the following bounds hold:

X :=
∑

0≤i<m

|Ai ∩ Γi+1| ∈
[
(1− δ/2)µ−, (1 + δ/2)µ+

]
,

Y :=
∑

0≤i<m

|Ai ∩ V (Di+1)| ≤ δ2µ−/9,

where µ+ =
∑

0≤i<m⌊qi|A0|⌋pi and µ− =
∑

0≤i<m⌈τiqi|A0|⌉pi. Then P(¬T ∩ X≤m) ≤ N−ω(1).

Proof of Theorem 33 (assuming Lemma 34). It suffices to show that the event T from Lemma 34 implies the
event Im defined in (31). To this end we may assume that δ ≤ 1 holds (since otherwise the target bound (31)
for |Im| holds trivially). Turning to the details, by the recursive definition of Im we have

X − Y ≤ |Im| ≤ X. (80) eq:FI0
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Noting µ− ≥ τmµ
+ ≥ (1− δ/2)µ+, the event T implies X ≤ (1 + δ/2)µ+ and

X − Y ≥ (1− δ/2− δ2/9) · µ− ≥ (1− δ + δ2/8)µ+.

Recalling the target bound (31) for |Im|, it therefore is enough to show that µ+ ∼ ξ|A0|
(
log f)/D

)1/(r−1)
.

But this is straightforward: using qi|A0|pi = |A0|σ/D
1

r−1 ≥ σfβ ≫ pi = σ/(qiD
1

r−1 ) by the assumed
bound (6) and estimate (40) from Lemma 18, we obtain that

µ+ =
∑

0≤i<m

(qi|A0| ± 1)pi ∼
∑

0≤i<m

qi|A0|
σ

qiD
1

r−1

= |A0|
σm

D
1

r−1

∼ ξ|A0|
( log f

D

) 1
r−1

, (81) eq:mup

completing the proof of Theorem 33 (modulo the proof of Lemma 34 given below).

Proof of Lemma 34. We start with estimating X =
∑

0≤i<m |Ai ∩ Γi+1|. Heuristically speaking, here the
basic idea is that if Xi ⊆ Ai holds, then the fact that |Ai| is an integer implies ⌈τiqi|A0|⌉ ≤ |Ai| ≤ ⌊qi|A0|⌋.
Since Γi+1 is a pi-random subset of Ai, we can therefore stochastically dominate X from below and above by∑

0≤i<m Bin(⌈τiqi|A0|⌉, pi) and
∑

0≤i<m Bin(⌊qi|A0|⌋, pi), which in turn can both be estimated via suitable
Chernoff’s bounds. To make this rigorous, we set

X+
i+1 := 1{Xi}

∑
v∈Ai

1{v∈Γi+1} and X+ :=
∑

0≤i<m

X+
i+1.

Note that X = X+ when X≤m =
⋂

0≤i≤m Xi holds. Let Z+
i+1

d
= Bin(⌊qi|A0|⌋, pi) be independent random

variables (where
d
= means equality in distribution, as usual). Since the Fi-measurable event Xi ⊆ Ai implies

|Ai| ≤ qi|A0|, it is not hard to see that P(X+
i+1 ≥ t | Fi) ≤ P(Z+

i+1 ≥ t) for t ∈ R. Setting

Z+ :=
∑

0≤i<m

Z+
i+1

d
=

∑
0≤i<m

Bin
(
⌊qi|A0|⌋, pi

)
, (82) eq:Zplus

a standard stochastic domination argument shows that P(X+ ≥ t) ≤ P(Z+ ≥ t) for t ∈ R, so that

P(X ≥ t and X≤m) ≤ P(X+ ≥ t) ≤ P(Z+ ≥ t). (83) eq:XUT

Since Xi ⊆ Ai also implies |Ai| ≥ τiqi|A0|, an analogous argument shows

P(X ≤ t and X≤m) ≤ P(Z− ≤ t) with Z− d
=

∑
0≤i<m

Bin
(
⌈τiqi|A0|⌉, pi

)
. (84) eq:XLT

Using estimate (81) together with µ− ≥ 1
2µ

+ and δ2 |A0|

D
1

r−1
≥ fβ/2 (using that |A0|/D

1
r−1 ≥ fβ by (6), and

that δ ≥ (log f)−1 by the assumptions of Theorem 16) as well as EZ± = µ±, by standard Chernoff bounds
(see Remark 22) and estimate (41) from Lemma 18 it follows that

P
(
X ̸∈ [(1− δ/2)µ−, (1 + δ/2)µ+] and X≤m

)
≤ P

(
Z− ≤ (1− δ/2)µ−

)
+ P

(
Z+ ≥ (1 + δ/2)µ+

)
≤ exp(−δ2µ−/8) + exp(−δ2µ+/12)

≤ exp
(
− Ω(fβ/2)

)
= N−ω(1).

(85) eq:XUTLYmu

Finally, turning to Y =
∑

0≤i<m |Ai ∩ Di+1|, for brevity we define

Yi+1 := |Ai ∩ Di+1| and y := δ2µ−/9. (86) def:Yi1:y

Note that Y =
∑

0≤i<m Yi+1 and Yi+1 ∈ N. Since X≤i =
⋂

0≤j≤i Xj , a union bound argument gives

P(Y ≥ δ2µ−/9 and X≤m) ≤
∑

(y1,...,ym)∈Nm∑
0≤i<m yi+1=⌈y⌉

P
( ⋂

0≤i<m

(Yi+1 ≥ yi+1 and X≤i+1)
)

≤
∑

(y1,...,ym)∈Nm∑
0≤i<m yi+1=⌈y⌉

∏
0≤i<m

P
(
Yi+1 ≥ yi+1 |

⋂
0≤j<i

(Yj+1 ≥ yj+1 and X≤j+1)
)
.

(87) eq:sumbound
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Gearing up to apply the ‘limited dependencies’ upper tail inequality Theorem 23 to Yi+1, in view of
Di+1 ⊆ Bi+1 and Ii ⊆ Vi we define (recall that we identify the index α ∈ I with its first coordinate α1 in
this application) the index set

I :=
⋃

2≤j≤r

{
W ⊆ Ai : |W | = j, and there exists U ⊆ Vi,W ∪ U ∈ EH

}
.

For α ∈ I, there exists a v ∈ α and v ∈ Ai, α \ {v} ∈ Yv,|α|−1, we obtain by the usual reasoning (using

πi ≥ σ, and that Xi ⊆ Ai ∩ Yi implies the estimates |Ai| ≤ qi|A0| and |Yv,j(i)| ≤
(
r−1
j

)
qji π

r−1−j
i D

j
r−1 ) that∑

α∈I
E(1{α⊆Γi+1} | Fi) ≤

∑
v∈Ai

∑
α∈I:v∈α

p
|α|
i ≤

∑
v∈Ai

∑
1≤j≤r−1

∑
W∈Yv,j(i)

p
|W∪{v}|
i

≤ qi|A0|
∑

1≤j≤r−1

(
r − 1

j

)
qji π

r−1−j
i D

j
r−1 ·

( σ

qiD
1

r−1

)j+1

≤ |A0|
D

1
r−1

∑
1≤j≤r−1

(
r − 1

j

)
σj+1πr−1−j

i

≤ |A0|
D

1
r−1

r · 2rσ2πr−2
i =: µ∗

i+1.

Since Di+1 is a collection of vertex-disjoint elements of Bi+1 (and thus {α̂ ∈ Di+1 : α∩ α̂ ̸= ∅} = {α} for all
α ∈ Di+1), using V (Di+1) =

⋃
α∈Di+1

α ⊆ Γi+1 ⊆ Ai, |α| ≤ r and Ii ⊆ Vi, it is easy to see that

Yi+1 =
∑

α∈Di+1

|α ∩Ai| ≤ r ·
∑

α∈I∩Di+1

1{α⊆Γi+1} ≤ rZ1,

where Z1 is defined as in Theorem 23. Applying the upper tail inequality (44) with C = 1 and µ = µ∗
i+1 (in

the probability space conditional on Fi), whenever X≤i holds it follows that

P(Yi+1 ≥ yi+1 | Fi) ≤ P(Z1 ≥ yi+1/r | Fi) ≤


(
eµ∗

i+1

yi+1/r

)yi+1/r

≤ σyi+1/(2r) if yi+1 ≥ reµ∗
i+1√
σ

,

1 otherwise.
(88) Boundeachterm

Comparing the definition of
∑

0≤i<m µ
∗
i+1 with µ−, using τi ≥ τm ≥ 1

2 together with the estimate
√
σπr−2

i ≪
(log f)−2 ≤ δ2 (that is implied by (39) from Lemma 18), it follows that∑

0≤i<m:
yi+1≤reµ∗

i+1/
√
σ

yi+1 ≤ re√
σ

∑
0≤i<m

µ∗
i+1 ≪ δ2µ−

9
= y.

So, inserting (88) into (87), we infer that

P(Y ≥ δ2µ−/9 and X≤m) ≤
∑

(y1,...,ym)∈Nm∑
0≤i<m yi+1=⌈y⌉

σ
⌈y⌉
2r −o(y) ≤ (y + 2)mσ

⌈y⌉
4r , (89) eq:unionboundy

and so it remains to estimate the right-hand side of (89). Recalling the definition (86) of the parameter y,

by combining the assumed bound |A0|/D
1

r−1 = N/D
1

r−1 ≥ fβ from (6) with the assumption δ ≥ (log f)−1

from Theorem 16, it follows that

y = Θ
(
δ2|A0|

( log f
D

) 1
r−1

)
≥ f2β/3.

Furthermore, using estimates (40)–(41) from Lemma 18 we also see that

log(y + 2) ≤ Θ
(
log n

)
= O(fβ/2),
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which together with m = (log f)O(1) and σ = (log f)−9r implies that

m log(y + 2) +
y

4r
log σ ≤ (log f)O(1) ·O(fβ/2)− f2β/3 ·Θ(log log f) ≪ −fβ/2.

Exponentiating both sides, using (89) it thus follows that

P(Y ≥ δ2µ−/9 and X≤m) ≤ (y + 2)mσ
⌈y⌉
4r ≤ exp

(
− fβ/2

)
= N−ω(1),

which together with estimate (85) completes the proof of Lemma 34.

3.3 Crude auxiliary bounds: events Ni and Pi
sec:Crudebounds

In this subsection we prove estimate (46) via Theorem 35 below, which concerns with the crude (density
based) bounds of the auxiliary events Ni and Pi defined in (35)–(36).

thm:probofCrude Theorem 35. We have P
(
¬
(
Ni ∩ Pi

)
for some 0 ≤ i ≤ m

)
≤ N−ω(1).

In contrast to the previous Sections 3.1–3.2, in the upcoming proof of Theorem 35 we will not analyze
the finer details of the nibble construction: instead we will exploit a crude bound on Vi that follows from
stochastic domination, which conveniently allows us to work with independent vertex-choices. Turing to
the details, let V + be a P -random vertex-subset of A0 = VH, where each vertex v ∈ A0 = VH is included

independently with probability P = D− 1
r−1Q, where Q = f2ξ

r−1

as defined in (30). Since qi ≥ qm ≥ f−ξ
r−1

,
we deterministically have

∑
0≤i<m

pi =
∑

0≤i<m

σ

qiD
1

r−1

≤ σmfξ
r−1

D
1

r−1

≤ ξ(log f)
1

r−1 fξ
r−1

D
1

r−1

≤ P. (90) eq:coupling:P

For every 0 ≤ i ≤ m, by construction of the vertex-set Vi (see Section 2.2) it follows that there is a natural
coupling satisfying

Vi ⊆ V +. (91) eq:coupling

With an eye on the definition (29) of ∆J,ℓ and definition (35) of Ni, note that when (91) holds we have

∆J,ℓ(i) ≤
∑

e∈EH:J⊆e

1{|(e\J)∩E+|≥ℓ} ≤
∑

e∈EH:J⊆e

∑
W⊆e\J:|W |=ℓ

1{W⊆E+} =: ∆+
J,ℓ. (92) eq:def:DeltaJl

For later reference, we now introduce the following auxiliary event

N+ :=
{
∆+
j,ℓ := max

J⊆A0:|J|=j
∆+
J,ℓ ≤ D

r−(j+ℓ)
r−1 f−1{j+ℓ<r}Qℓ+1 for all j, ℓ ∈ N with 2 ≤ j ≤ r − ℓ

}
. (93) eq:def:Deltajl

lemma:crude1 Lemma 36. We have P(¬N+) ≤ N−ω(1).

Proof. We shall use the moment method, inspired by [22, 10]. Fix j, ℓ ∈ N and J ⊆ A0 with |J | = j and
2 ≤ j ≤ r − ℓ. Assume that κ ∈ Z+ satisfies 1 ≤ κ ≤ ⌈Q/ℓ⌉. By a similar argument as in Section 2.5 (there
are at most ∆j ways to choose an edge e containing J , and at most

(
r−j
ℓ

)
ways to choose the corresponding

W ⊆ e \ J) we obtain

E∆+
J,ℓ ≤ ∆j

(
r − j

ℓ

)
P ℓ ≤ rℓD

r−(j+ℓ)
r−1 f−1{j+ℓ<r}Qℓ =: µj,ℓ. (94) eq:EDeltaar-b

For brevity, we henceforth write ∆+
J,ℓ =

∑
(W,e) 1{W⊆V +}, see (92). Note that for κ ≥ 2 we have

E(∆+
J,ℓ)

κ =
∑

(W1,e1),...,(Wκ−1,eκ−1)

P |∪κ−1
i=1 Wi|

∑
(Wκ,eκ)

P |Wκ\∪κ−1
i=1 Wi|. (95) eq:powerofEDeltaar-b
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Taking different sizes of overlaps of Wκ with ∪κ−1
i=1Wi into account, by mimicking (94) it follows that∑

(Wκ,eκ)

P |Wκ\∪κ−1
i=1 Wi| ≤ µj,ℓ +

∑
1≤k≤ℓ

(
(κ− 1)ℓ

k

)
∆j+k

(
r − j − k

ℓ− k

)
P ℓ−k. (96) eq:overlaps1

Note that κ − 1 ≤ Q/ℓ implies
(
(κ−1)ℓ
k

)
≤ Qk. Furthermore, using ∆j+k ≤ D

r−(j+k)
r−1 f−1{j+ℓ<r} and Q ≫ 1,

the right-handed side of (96) is at most µj,ℓQ
1/4, with room to spare. By induction, we infer

E(∆+
J,ℓ)

κ ≤
(
µj,ℓQ

1/4
)κ
.

Setting κ := ⌈Q/ℓ⌉, using Markov’s inequality and estimate (41) from Lemma 18 we obtain

P(∆+
J,ℓ ≥ µj,ℓQ

1/2) ≤
V (∆+

J,ℓ)
κ

(µj,ℓQ1/2)κ
≤ Q−κ/4 ≤ exp

(
− Ω(Q)

)
= N−ω(1),

which in view of rℓQℓ+1/2 ≪ Qℓ+1 completes the proof by taking a union bound over all j, ℓ and J .

We next focus on the variable
∑
J∈Yv,j(i)

|Yw(i)∩J | for distinct vertices v, w. By definition (23) of Yu,k(i),

any vertex-set U ∈ Yu,k(i) has the following two properties: |U | = k, and there exists an edge e satisfying
u ∈ e, U ⊆ e\{u}, and e\ ({u}∪U) ⊆ Vi. In the upcoming3 definition (98) of the family I(v, w, j) of indices,
we shall view the set Bv as union of {v} with some vertex-set of Yv,j(i), and the Bw as union of {w} with
some vertex-set of Yw(i); therefore, by relaxing the requirement that certain vertices are in Ai (i.e., available),
when the coupling (91) holds it follows that∑

J∈Yv,j(i)

|Yw(i) ∩ J | ≤
∑

(α1,(e,e′))∈I(v,w,j)

1{α1⊆V +} =: Y +
v,w,j , (97) def:Gammaaa’k^+

where for distinct vertices v, w ∈ A0 and 1 ≤ j ≤ r − 1 we used

I(v, w, j) :=
{
(α1, (e, e

′)) : e, e′ ∈ EH, v ∈ e, w ∈ e′, and there exist Bv ⊆ e,Bw ⊆ e′

with v ∈ Bv, |Bv| = j + 1, w ∈ Bw, |Bw| = 2,

|(Bv \ {w}) ∩ (Bw \ {v})| = 1, and α1 = (e \Bv) ∪ (e′ \Bw)
}
.

(98) eq:def:indexfamilyofYvwj

With this in mind, we now introduce the following auxiliary event

P+ :=
{
Y +
v,w,j ≤ D

j
r−1 f−1Q2r−(j+1) for all distinct v, w ∈ A0 and 1 ≤ j ≤ r − 1

}
. (99) eq:def:eventGamma

lemma:crude2 Lemma 37. We have P(¬P+ ∩N+) ≤ N−ω(1).

Proof. For r = 2, we note that (99) holds deterministically since Y +
v,w,1 ≤ Γ(H) ≤ Df−1. So we may hence-

forth assume r ≥ 3. Here the plan is to invoke the ‘limited dependencies’ upper tail inequality Theorem 23
via Remark 24 (exploiting the ‘good’ event G = N+). To estimate EY +

v,w,j , we will increase the cardinality of

the index family I by considering the family Ĩ of tuples (Bv, Bw, e, e
′) that satisfy the requirement in (98).

(We overcount because different tuples in Ĩ can correspond to same index in I.) Then

EY +
v,w,j ≤

∑
(Bv,Bw,e,e′)∈Ĩ

P |(e\Bv)∪(e′\Bw)|. (100) eq:enlargedexpectation

To estimate (100), for fixed distinct vertices v, w ∈ A0, we first assume that j ≥ 2. Note that there are
at most D ways to choose an edge e containing v. Then there are at most 2r · 2r = 22r ways to choose
vertex-sets Bv and S := (Bv \ {w})∩ (Bw \ {v}) (with Bw to be determined later) in e such that |Bv| = j+1
and |S| = 1 as required in (98). Then from e, there are at most 2r ways to determine the intersection
U := (e \ Bv) ∩ (e′ \ Bw) (with e′, Bw to be determined later), which is supposed to be in V +. Assume

3The reason for using the set Bv in the definition (98) of the family I(v, w, j) is to include the case that w is contained in
some vertex-set of Yv,j(i); the reason for using the set Bw is similar.
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|U | =: ℓ, then ℓ ≤ |e \ Bv| = r − (j + 1). Noting that {w}, S, U are disjoint, one can find at most ∆2+ℓ

edges e′ containing the (2 + ℓ)-set {w} ∪ S ∪U . Finally there are at most 2r ways to determine Bw in e′. At
this point, we have determined all of Bv, Bw, e, e

′. With an eye on (100), noting that

|(e \Bv) ∪ (e′ \Bw)| = |e \Bv|+ |e′ \Bw| − |U | = r − (j + 1) + r − 2− ℓ,

then using r − (j + 1) ≤ r − 3 to infer ∆2+ℓ ≤ D
r−(2+ℓ)

r−1 f−1 from (4), it follows that

EY +
v,w,j ≤

∑
0≤ℓ≤r−(j+1)

D · 22r · 2r ·∆2+ℓ · 2·P r−(j+1)+r−2−ℓ

≤ r · 24rD
j

r−1 f−1Q2r−(j+1)−2 =: µj .

(101) eq:muaa’k

We now bound EY +
v,w,j in the remaining case j = 1. By analogous reasoning, contributions of the cases where

|U | = ℓ ≤ r − 3 can again be bounded as in inequality (101) above. In the exceptional case ℓ = r − 2, since
we require |S| = 1, all possible pairs of edges e, e′ must satisfy v ∈ e \ e′, w ∈ e′ \ e, and |e ∩ e′| = r − 1.
This number of pairs can thus be bounded by Γ(H) defined in (2). So after determining Bv, Bw in e, e′

respectively in at most 22r ways, their contribution to the expectation can be bounded by 22r · Γ(H)P r−2 ≤
22rD1/(r−1)f−1Qr−2. Adding up all these contributions, it again follows that EY +

v,w,j ≤ µj holds, as before.

Next we bound the parameter C from Remark 24 associated with Y +
v,w,j : given any (α1, (e, e

′)) ∈ I
with α1 ∈ V +, it suffices to bound the number of relevant (α̂1, (ê, ê

′)) ∈ I, i.e., which satisfy α1 ∩ α̂1 ̸= ∅
and α̂1 ⊆ V +. To this end, note that there are at most 2r ways to choose a vertex û ∈ α1 to be in the
non-empty intersection α1 ∩ α̂1. Inspecting the constraints in (102), we infer that û ∈ (ê \ {v}) ∪ (ê′ \ {w})
must hold. For the sake of argument, let us first count the number of choices in the case û ∈ ê \ {v}: then
by inspecting (98) we infer (noting that in this case û ∈ ê \Bv most hold) that j + 1 < r and

|(ê \ {v, û}) ∩ V +| ≥ r − (j + 1)− 1, (102) eq:hatevusize

so that there are at most ∆+
2,r−(j+1)−1 ways (see (92)–(93) for definition of this parameter) to choose an

edge ê that contains {û, v} and satisfies the constraints in (102). Once ê is chosen, there are at most 2r ways
to choose a vertex w̃ in the size-1 intersection appearing in (98), and then there are at most ∆+

2,r−2 ways ways
to choose an edge ê′ that contains {w̃, w} and satisfies the constraints in (102). Once ê and ê′ are chosen,
there are at most 22r ways to choose α̂1 ⊆ ê ∪ ê′. The counting argument in the case û ∈ ê′ \ {w} is similar,
with the difference that in this case r > 3 and |(ê′ \ {w, û}) ∩ V +| ≥ r − 2− 1 = r − 3 hold (so that in the
above argument now ∆+

2,r−(j+1)−1 and ∆+
2,r−2 need to be replaced by ∆+

2,r−3 and ∆2,r−(j+1), respectively).

Therefore, whenever the event N+ holds, it follows that the parameter C associated with Y +
v,w,j satisfies

C ≤ 2r ·
(
1{j+1<r}∆

+
2,r−j−2 · 2

r ·∆+
2,r−2 · 22r + 1{r>3}∆

+
2,r−3 · 2r ·∆

+
2,r−(j+1) · 2

2r
)

≤ r · 24rD
j

r−1 f−1Q2r−(j+1)−1 =: Cj .

Finally, with an eye on the auxiliary event P+ defined in (99), set zj := D
j

r−1 f−1Q2r−(j+1). Invoking the
upper tail inequality Theorem 23 via Remark 24, using (41) from Lemma 18 it follows that

P
(
Y +
v,w,j ≥ zj and N+

)
≤
(e · µj

zj

) zj
Cj ≤ exp

(
− Ω(Q)

)
= N−ω(1).

This completes the proof by taking a union bound over all possible vertex pairs (v, w) and values of j.

Finally, by combining the coupling from (91) with inequalities (92) and (97), it follows that Lemmas 36–37
establish Theorem 35, completing the proof of Lemma 25 (and thus Theorem 16, which in turn implies The-
orem 2, as discussed).
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3.4 Strengthening of Theorem 2: proof of Corollary 3
subsec:randomsubset

In this subsection we exploit that our semi-random construction only samples rather few random vertices
from V = VH. Indeed, all vertices ever sampled are contained in Vm ⊆ V , which by construction is much
smaller than V . More importantly, by the coupling from (91) we know that Vm is stochastically contained in
a P -random vertex-subset of V , which together with I ⊆ Vm this then allows us to conclude (via a coupling
argument) that the resulting independent set I is also contained in such a P -random vertex-subset of V .

Proof of Corollary 3. For concreteness we set ξ := min
{
( β37 )

1
r−1 , ( ζ2 )

1
r−1
}
in the above proof of Theorem 16

(and thus Theorem 2), where the first requirement comes from the discussion around (38) and the second

ensures fζ ≥ f2ξ
r−1

= Q in (30). Using the coupling from (91) we see that I ⊆ Vm ⊆ V +, where V + is a
P -random subset of A0 = VH by the definition above (90). This readily establishes Corollary 3 in view of

the definition (30) of P = D− 1
r−1Q ≤ D− 1

r−1 fζ (after again rescaling ξ in the lower bound (7) on |I|, similar
as discussed above Theorem 16).

4 Pseudo-randomness: independent sets in H-free graphs
sec:pseudorandom2

The goal of this section is to prove Theorem 7, which concern the construction of pseudo-random subgraphs
of a host graph F . As discussed in the introduction, the basic idea is to apply the semi-random independent
set algorithm to a suitable eH -uniform auxiliary hypergraph H = (V,E), whose vertex-set V = EF equals
the edge-set of the n-vertex graph F and whose edge-set E = {EH′ : H ′ is copy of H in F} encodes the
copies of H in F . As we shall discuss, using our main result Theorem 2, we can find a large independent
set I in H, which by setting G := (VF , I) naturally corresponds to an H-free subgraph G ⊆ F on the same
vertex-set. Our remaining main task thus reduces to showing that the edges of sufficiently large vertex-subsets
W ⊆ VG = VF of G are pseudo-random, i.e., that the edge-estimate (11) holds for all vertex-subsets W ⊆ VF
with |W | = ⌈L(log n)1−1/(eH−1)n(vH−2)/(eH−1)⌉ and eF [W ] ≥ γ

(|W |
2

)
.

To allow for slightly larger generality beyond tracking the number of all edges inside vertex-subsets, for
suitable constants B, T > 0 we shall in fact keep track of the number of edges in configurations

Σs ⊆
{
J ⊆

(
[n]
2

)}
, (103) def:SigmaS

which are edge-subsets of the complete graph Kn satisfying

|Σs| ≤ nTs and max
J∈Σs

|V (J)| ≤ Ts, (104) def:SigmaS:bounds

where V (J) :=
⋃
e∈J e contains all vertices that are in the edges of J , and

s := B(log n)1−
1

r−1D
1

r−1 , (105) eq:def:s

where we defer the choice of the constants B, T > 0. Heuristically speaking, in our upcoming arguments
the two technical conditions in (104) will ensure that configurations have certain key features of s-element
subsets: that the number |Σs| of configurations is not much larger than the number of s-element subsets,
and that each configuration J ∈ Σs contains at most O(s) vertices. We now illustrate the versatility of
configurations via two concrete examples. First, if our goal was to track the number of edges in every ⌈s⌉-
vertex-subset, then we would define Σs as the set of all

(
W
2

)
for some W ⊆ [n] of size |W | = ⌈s⌉, which

readily satisfies |Σs| =
(
n
⌈s⌉
)
≤ n2s and maxJ∈Σs

V (J) = ⌈s⌉ ≤ 2s, say. Second, if our goal was to track the

number of edges in every bipartite subgraph K⌈s⌉,⌈s⌉, then we would define Σs as the set of all U ×W for

some disjoint U ⊆ [n] and W ⊆ [n] \ U of size |U | = |W | = ⌈s⌉, which readily satisfies |Σs| ≤
(
n
⌈s⌉
)2 ≤ n3s

and maxJ∈Σs
V (J) = 2⌈s⌉ ≤ 3s, say.

In the remainder of this section we fix a graph H ∈ F (see (10)), and focus on the behavior of the
semi-random algorithm on the r-uniform hypergraph HH,F with r = eH for some n-vertex graph F . For
each edge-set J ∈ Σs (that satisfy some technical conditions to be discussed), our goal will be to control the
number of edges |J ∩Ii| added by the semi-random algorithm, which in turn requires control over the number
of edges |J ∩Ai| that can still be added.
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4.1 Smooth independence
sub:defandstatements:smooth

The concentration arguments for |J ∩ Ii| and |J ∩ Ai| will requires some extra wrinkles, since the addition
of certain edges can result in fairly large changes in these variables. Similar technical issues also arise in
the analysis of the H-free process due to Bohman and Keevash [8]. In attempt to simplify this part of the
argument and clarify the relation to previous work, we thus have set up our random variables in such a way
that we can reuse (and extend) some existing estimates from the H-free process analysis [8, Section 11] in
the semi-random setting of the present paper.

Remark 38 (Polynomial parameter f). In contrast to Sections 2–3, in this section we shall henceforth
always assume that there is a constant η > 0, such that the parameter

f := nη (106) def:f:neta

satisfies assumptions (3)–(5) and assumption D
1

r−1 ≥ fβ in (6).

Turning to the details, we shall use the following auxiliary variable Ỹv(i) which intuitively counts the
number of ‘relaxed’ neighbors of v: indeed, it can be viewed as relaxation of Yv(i) defined in Section 2.2,
where we remove the requirements of certain vertices in Ai. More precisely, for v ∈ A0 we define

Ỹv(i) := {u ∈ A0 \ {v} : there exists e ∈ HH such that u, v ∈ e and e \ {u, v} ⊆ Vi}. (107) eq:def:tcYv

This enables to us to introduce the following two sets, which contain elements in A0 and Vi, respectively,
that have many relaxed neighbors in J . More precisely, for J ⊆

(
[n]
2

)
, we define

BJ(i) := {v ∈ A0 : |Ỹv(i) ∩ J ∩A0| ≥ f−τD
1

r−1 },

PJ(i) := {v ∈ Vi : |Ỹv(i) ∩ J ∩A0| ≥ f−τD
1

r−1 }.

Intuitively, the plan is to indirectly control |J ∩ Ii|, via an approximation that ignores the effect of elements
with big changes. For J ⊆

(
W
2

)
, the following definition intuitively formalizes the idea that (a) this ‘ignoring

approach’ will not change the typical behavior due to smallness of B(W2 )
(i), and (b) that overall not too many

elements are ignored due to smallness of P(W2 )
(i). As we shall see, this intuitively means that the resulting

approximation can indeed be used to control |J ∩ Ii|, as desired.

def:smooth Definition 1. A graph H has the smooth independence property, if there exist τ, ξ1 > 0 (that may depend

on H, η) such that, for all w = Θ
(
(log n)1−

1
r−1D

1
r−1

)
, the following holds for any hypergraph H ⊆ HH . For

all 0 < ξ ≤ ξ1 satisfying (38) we have

P(Si for all 0 ≤ i ≤ m) ≥ 1− n−ω(1), (108) eq:pr:smooth

where Si denotes the event that, for all W ⊆ [n] of size |W | = w, we have

|B(W2 )(i)| ≤ f−2τD
2

r−1 , (109) eq:def:BW2i

|P(W2 )(i)| ≤ f−τD
1

r−1 . (110) eq:def:PW2i

There are a wide range of graphs having the smooth independent property, including all graphs H ∈ F,
where the set F is defined as in (10). The proof of Lemma 39 reuses (and extends) some estimates from the
H-free process analysis [8], and is deferred to Section 4.5. Recall that F contains complete graphs Kℓ with
ℓ ≥ 4, cycles Cℓ with ℓ ≥ 4, complete bipartite graphs Ka,a with a ≥ 4, and hypercubes Qk with odd k ≥ 5.

lem:smooth Lemma 39 (Smooth independence). Any graph H ∈ F has the smooth independence property.
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4.2 Pseudo-random properties and statement of main theorem
sub:defandstatements

In Sections 4.2–4.3, we henceforth fix a graph H that has the smooth independence property, and set

w := Ts = TB(log n)1−
1

r−1D
1

r−1 , (111) eq:defoffixedw

where we defer the choice of the constants B, T > 0 (as before). Note that whenever the ‘smooth indepen-
dence’ event Si from Definition 1 holds, then for all J ∈ Σs we have

|BJ(i)| ≤ f−2τD
2

r−1 and |PJ(i)| ≤ f−τD
1

r−1 , (112) eq:smooth_bounds

since J ⊆
(
W
2

)
for a suitable W ⊆ [n] to which (109)–(110) apply.

With a view of Theorem 7, we are interested in edge-sets J ∈ Σs that are relatively dense. For this reason
we introduce

Σs,γ :=
{
J ∈ Σs : |J ∩A0| ≥ γ

(
s

2

)}
, (113) eq:defofsigmasgamma

where γ > 0 is a constant. Using the bounds from (112), we will be able to show that during the semi-random
independent set algorithm we have |J ∩Ai| ≈ qi · |J ∩A0| for all steps 0 ≤ i < m and configurations J ∈ Σs,γ ,
which coincides with our pseudo-random intuition from Section 2.3 that yielded |Ai| ≈ qi|A0| in Section 3.1.2.
Using these estimates on |J ∩Ai| we will then be able to control |J ∩ Im| similarly to Section 3.2, where we
used estimates for |Ai| to control |Im|. One main conceptual difference to earlier sections is that here we
need to establish control for all configurations J ∈ Σs,γ , which in our arguments requires us to obtain error
probabilities that are small enough to take a union bound over all of the |Σs,γ | ≤ nw many configurations.

Inspired by Section 2.5, we now define several events that capture pseudo-random properties of the semi-
random algorithm. Recalling Xi defined as (32), we define the ‘good’ events

X+
i := Xi ∩ Ỹi ∩ A+

i ∩ Si and X+
≤i := ∩0≤j≤iX

+
j , (114) cGiPlus

where

Ỹi :=
{
|Ỹv(i)| ≤ D

1
r−1Qr−1 for all v ∈ A0

}
, (115) eq:def:teventofYvj

A+
i :=

{
τiqi|J ∩A0| ≤ |J ∩Ai| ≤ qi|J ∩A0| for all J ∈ Σs,γ

}
, (116) eq:def:eventofAvi+

I+
m :=

{
|J ∩ Im| ∈ [(1− δ)µJ , (1 + δ)µJ ] for all J ∈ Σs,γ

}
, (117) eq:def:Isettm

with

µJ = ξ
( log f

D

) 1
r−1 |J ∩A0|. (118) eq:cmuJ

Note that Ỹi is a variant of Yi defined in (34) that concerns relaxed neighbors. Furthermore, A+
i and I+

m are
natural variants of Ai and Im defined in (33) and (31) that apply to |J ∩Ai| and |J ∩ Im|, respectively.

Remark 40. The event X+
0 holds deterministically.

We are now ready to state our main technical result regarding independent sets, which states that the
pseudo-random events I+

m and X+
≤m both hold with very high probability. For a graph H, recall that HH has

vertex-set E(Kn) and edge-set the collection of the edge-sets of all H-copies in Kn. As we shall see below,
Theorem 41 combined with the smooth independence result Lemma 39 imply Theorem 7 (see Section 4.4 for
a proof of Corollary 8).

thm:boundofIinW Theorem 41. Fix constants δ, γ, η, β ∈ (0, 1], and a graph H that has the smooth independence property.
Assume that the subhypergraph H ⊆ HH(n) has |VH| = N vertices. Setting the parameter f := nη as in (106),

assume that H satisfies assumptions (3)–(5) and assumption D
1

r−1 ≥ fβ in (6). Let ξ1 > 0 be as in the
definition of the smooth independence property (see Definition 1). Then, for any ξ, T,B > 0 satisfying

ξ ≤ min

{(min{τ, β}
37r

) 1
r−1

, ξ1

}
and B ≥ 288T

δ2ξγη
1

r−1

, (119) eq:technical:inequalities

we have
P(I+

m ∩ X+
≤m) ≥ 1− n−ω(1).

26



Remark 42. In Theorem 41, since N ≤
(
n
2

)
≤ n2 and f = nη, for any constant c > 0 it immediately follows

that the assumption f ≥ (logN)c in (6) holds for all sufficiently large n.

The proof strategy for Theorem 41 is similar to that of Theorem 16, except that the argument for the
event A+

i we will rely on the smooth independence property to make the union bound argument work (by
limiting the effects of certain bad contributions that would otherwise spoil the probability estimates). This is
also the core reason why we require f = nη in Theorem 41, rather than the logarithmic bound in Theorem 2.
The proof of Theorem 41 is given in Section 4.3.

Proof of Theorem 7 based on Theorem 41. Since any H ∈ F is strictly 2-balanced with minimum degree at
least two, by Lemma 4, the hypergraph H = HH,F (recalling that its vertex-set is EF and edge-set is
{EH′ | H ′ is an H-copy in F}), which is a subgraph of HH , satisfies the assumption (3)–(5) and assump-

tion D
1

r−1 ≥ fβ in (6) for D = λnvH−2 and f = nη for some constants λ, η, β > 0. Furthermore, by
Lemma 39, H ∈ F has the smooth independence property, so we henceforth fix τ as in Definition 1. At this
point, we have verified the assumptions of Theorem 41.

Note that by the above choice of D and f we have

log f = η log n and D
1

r−1 = λ1/(eH−1)n(vH−2)/(eH−1).

Therefore to prove Theorem 7, for any δ, γ ∈ (0, 1], taking T = 2, there exist ξ and B satisfying the
assumption of Theorem 41. In view of (105), we can set L = Bλ1/(eH−1), and in view of (118), we can set
ξ0 := ξ(η/λ)1/(eH−1). Recalling the discussion about the number of configurations satisfying |Σs| ≤ n2s =
nTs = nw at the beginning of this section, it completes the proof of Theorem 7.

We now specify the choices of the constants ξ used in the proof of Theorem 41. Since we are reusing the
event Xi from Section 2.5, here our choices need to be compatible with the proof of Theorem 16. Recall that
around (38) in Section 2.6 we discussed that the proof of Theorem 16 works for any ξ ∈ (0,∞) satisfying

ξ ≤ (β/(37r))
1

r−1 . Taking τ into consideration, for concreteness we thus here set

ξ :=
(min{τ, β}

37r

) 1
r−1

, (120) eq:defofxi2

and then define c = c(ξ) as in (38). These choices lead to the following convenient technical estimates.

rem:cxicstaucbeta Remark 43. Assume that the assumptions of Theorem 41 hold. By arguing similar as for (39) and (40) in
Lemma 18, by taking the stronger assumption f = nη into account, there exists η0 > 0 such that the following
estimates are valid for all 0 ≤ i ≤ m:

max
x≥1/2=ρ,
0≤y≤2r

σxπyi = o
(
(log f)−2

)
, (121) eq:sigmapinew

max
−6r≤j,k,x,y,z≤6r

σxqji π
y
iQ

k(log f)z

min{f, fβ , fτ , D
1

r−1 }
≪ n−η0 . (122) eq:assumption6new

4.3 Proof of Theorem 41
sub:proofofTheorem39

In this section, we prove the nibble result Theorem 41 by establishing the following auxiliary lemma.

lemma:nibbleforJ Lemma 44. Under the assumption of Theorem 41, we have

max
0≤i<m

P(¬A+
i+1 ∩Ni+1 ∩ Ỹi+1 ∩ Si+1 | X+

≤i) ≤ n−ω(1), (123) eq:Avi+1^+

P(¬Ỹi for some 0 ≤ i ≤ m) ≤ n−ω(1), (124) eq:negeventofYvj

P(¬Xi for some 0 ≤ i ≤ m) ≤ n−ω(1). (125) eq:negcG

P(¬I+
m ∩ X+

≤m) ≤ n−ω(1), (126) eq:Isettm
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Proof of Theorem 41 (assuming Lemma 44). The argument is very similar to the proof of Theorem 16 in
Section 3 (using Lemma 44 instead of Lemma 25). Turning to the details, recall that m ≤ nO(1), and
that X0 holds deterministically by Remark 17. In view of the good events X+

i = Xi ∩ Ỹi ∩ A+
i ∩ Si and

Xi = Ai ∩ Yi ∩ Ni ∩ Pi, by combining inequalities (123)–(125) with the assumed bound (108) for the event
that ¬Si for some 0 ≤ i ≤ m, we readily obtain that

P(¬X+
≤m) ≤ 3 · n−ω(1) +

∑
0≤i<m

P
(
¬X+

i+1 ∩ Xi+1 ∩ Ỹi+1 ∩ Si+1 ∩ X+
≤i
)

≤ 3 · n−ω(1) +
∑

0≤i<m

P(¬A+
i+1 ∩Ni+1 ∩ Ỹi+1 ∩ Si+1 | X+

≤i)

≤ O(m) · n−ω(1) ≤ n−ω(1),

(127)

which together with inequality (126) completes the proof of Theorem 41.

As recorded in Remark 26, the arguments in Section 3 already establish inequality (125), so to prove
Lemma 44 it remains to prove the three inequalities (123)–(124) and (126) in the following subsections.

4.3.1 Event A+
i+1: available vertices in configurations

sub:AiinJ
In this subsection we prove estimate (123) via Theorem 45 below, which concerns concentration of the
number |J ∩Ai+1| of available vertices in all configurations J ∈ Σs,γ (i.e., which can potentially be added in
future steps).

availableinlargesets Theorem 45. We have P(¬A+
i+1 ∩Ni+1 ∩ Ỹi+1 ∩ Si+1 | Fi) ≤ n−ω(1) when X+

≤i holds.

The following proof of Theorem 45 is very similar to the proof of Theorem 32 in Section 3.1.2, which
simply concerned the number |Ai+1| of available vertices. As we shall see, here the assumed extra smoothness
property will be crucial, since it enables a union bound argument over all configurations J ∈ Σs,γ , of which
there are |Σs,γ | ≤ nw many.

Proof. For a given J ∈ Σs,γ , our strategy for proving a concentration bound for |J∩Ai+1| as in (116) proceeds
in two steps. We first enlarge |J ∩Ai+1| a little bit by introducing

XJ(i+ 1) :=
∣∣∣{v ∈ J ∩Ai : v ∈ Ai+1 or there exists u ∈ BJ(i) ∩ Γi+1 such that v ∈ Ỹu(i)}

∣∣∣, (128) eq:XJi1

and then show that |J ∩ Ai+1| is close to |XJ(i + 1)|. To avoid clutter, we shall omit the condition on Fi
from our notations as we did in Section 3.

We start with an upper bound on XJ(i+ 1). Using Ai+1 ⊆ Ai and Γi+1 ⊆ Ai, we have

XJ(i+ 1) ≤
∑

v∈J∩Ai

1{v ̸∈Ci+1} +
∑

u∈BJ (i)∩Ai

1{u∈Γi+1}|Ỹu(i) ∩ J ∩Ai|. (129) eq:trade-off

Note that the smooth independence property X+
≤i ⊆ Si implies |BJ(i)| ≤ f−2τD

2
r−1 (see Definition 1). Hence

using X+
≤i ⊆ A+

i ∩ Ỹi ∩ Si together with Lemma 27, the inequalities |J ∩A0| ≫ D
2

r−1 and D ≤ nC , and the
estimate inequality (122) of Remark 43, it follows that

EXJ(i+ 1) ≤ qi|J ∩A0|
(qi+1

qi
− 1

2
(r − 1)σ1+ρπ

max{r−3,0}
i

)
+ f−2τD

2
r−1 ·D

1
r−1Qr−1 · σ

qiD
1

r−1

≤ qi+1|J ∩A0| −
1

4
(r − 1)σ1+ρqiπ

max{r−3,0}
i |J ∩A0|.

For the upper bound on XJ(i+1), we shall apply bounded-difference inequality (see (43) in Remark 21) with

t :=
1

4
(r − 1)σ1+ρqiπ

max{r−3,0}
i |J ∩A0|.
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To this end we need to bound the parameter C from Remark 21 and the parameter λ from (57) associated
with the random variable XJ(i + 1) defined in (128). Let us first focus on the vertex-effect cu (an upper
bound on how much XJ(i+1) changes if we alter whether or not u is in Γi+1) for a vertex u ∈ Ai. Note the
trade-off between the first and second summation on the right-hand side of (129): if u ∈ BJ(i)∩Ai is included
into Γi+1, then for any v ∈ Ỹu(i) ∩ J ∩Ai = Yu(i) ∩ J ∩Ai, the vertex v becomes ‘closed’ so is not counted
by the first summation, but v is counted by the second one; vice versa for the case that u ∈ BJ(i) ∩ Ai and
is not included into Γi+1. Therefore for u ∈ BJ(i) ∩Ai altering whether or not u is in Γi+1 does not change

the value of XJ(i+ 1), i.e., cu = 0. For u ∈ Ai \BJ(i), cu ≤ |Yu(i) ∩ J ∩Ai| ≤ |Ỹu(i) ∩ J ∩A0| ≤ f−τD
1

r−1 .
Putting both cases together, we infer that for any vertex u ∈ Ai, the vertex-effect cu is at most

cu ≤ |Ỹu(i) ∩ J ∩A0| ≤ f−τD
1

r−1 . (130) eq:cu:bound:merged

As X+
≤i ⊆ Ỹi, by mimicking the proof of Lemma 30 (using that z ∈ Ỹu(i) implies u ∈ Ỹz(i)) it follows that∑

u∈Ai

cu ≤
∑
u∈Ai

|Ỹu(i) ∩ J ∩A0| =
∑

z∈J∩A0

∑
u∈Ai

1{z∈Ỹu(i)}

≤
∑

z∈J∩A0

∑
u∈Ai

1{u∈Ỹz(i)} ≤
∑

z∈J∩A0

|Ỹz(i)| ≤ D
1

r−1Qr−1|J ∩A0|.

Furthermore, the stabilization-effect satisfies ĉu ≤ 1{u∈J∩Ai}. Putting the above-discussed estimates to-
gether, we infer that the parameter λ from (57) satisfies

λ ≤ pi max
u∈Ai

cu ·
∑
u∈Ai

cu +
∑
u∈Ai

1{u∈J∩Ai}

≤ σ

qiD
1

r−1

f−τD
1

r−1 ·D
1

r−1Qr−1|J ∩A0|+ qi|J ∩A0|,

and that the parameter C from Remark 21 satisfies

C = max
{
max
u∈Ai

cu , max
u∈Ai

ĉu

}
≤ max

{
f−τD

1
r−1 , 1

}
.

Recall that J ∈ Σs,γ satisfies |J ∩ A0| ≥ γ
(
s
2

)
by (113). Invoking the bounded-difference inequality (43),

using the estimate (122) of Remark 43 it follows that, say,

P
(
XJ(i+ 1) ≥ qi+1|J ∩A0|

)
≤ exp

(
− t2

2(λ+ Ct)

)
≤ exp

(
− (log n)2w

)
. (131) eq:upperboundofXJ

Regarding the lower bound for |XJ(i+1)|, we say that a vertex v ∈ J ∩Ai is closed by a vertex u ∈ BJ(i)
if u ∈ Γi+1 and v ∈ Yu(i) = Ỹu(i) ∩Ai. Note that any such vertex v is still counted by XJ(i+ 1). Therefore

XJ(i+ 1) ≥
∑

v∈J∩Ai

1{v ̸∈Ci+1 or v is closed by some vertex in BJ (i)}︸ ︷︷ ︸
=:Z1

−
∑

v∈J∩Ai

1{v∈Γi+1}︸ ︷︷ ︸
=:Z0

−
r−1∑
j=2

∑
v∈J∩Ai

1{v∈C(j)
i+1}

.︸ ︷︷ ︸
=:Zj

(132) eq:decomposeXJ

Then to prove a lower bound on XJ(i + 1), we shall prove a lower bound on Z1 and upper bounds
on Z0 and Zj for 2 ≤ j ≤ r − 1. To be specific about the targeting bounds, setting the error term

t := σ1+ρqi+1π
max{r−3,0}
i |J ∩A0|, we shall prove that for a given J ∈ Σs,γ ,

P
(
Z1 ≤ τiqi+1|J ∩A0| − 2rt

)
≤ exp

(
− (log n)2w

)
. (133) eq:boundZ1

P(Z0 ≥ t) ≤ exp
(
− (log n)2w

)
, (134) eq:boundZ0

and for all J ∈ Σs,γ
P(Zj ≥ t and Ni+1 ∩ Ỹi+1 ∩ Si+1) ≤ n−ω(1). (135) eq:boundZj
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Note that the difference in the probabilities in (133)–(135) is just because we shall use the smooth indepen-
dence property Si+1 to prove (135).

In order to bound Z1 from below as in (133), since X≤i ⊆ A+
i implies |J ∩ Ai| ≥ τiqi|J ∩ A0|, using

Lemma 27 together with τi ≤ 1 and qi+1

qi
∼ 1 (by Remark 28) we obtain that

EZ1 ≥ τiqi|J ∩A0|
(qi+1

qi
− 3

2
(r − 1)σ1+ρπ

max{r−3,0}
i

)
≥ τiqi+1|J ∩A0| − 2(r − 1)σ1+ρqi+1π

max{r−3,0}
i |J ∩A0|︸ ︷︷ ︸

=2(r−1)t

.
(136) eq:EZ1:def:t

The plan is to invoke the bounded-difference inequality (Remark 21). Note that by definition of Z1, for a
vertex u ∈ Ai, using the same trade-off argument as for (130) we again infer that the vertex-effect satisfies

cu ≤ |Ỹu(i) ∩ J ∩A0| ≤ f−τD
1

r−1 . Using Lemma 30 and X+
i ⊆ A+

i ∩ Yi we thus infer that∑
u∈Ai

cu ≤
∑
u∈Ai

|Yu(i) ∩ J ∩Ai| ≤ D
1

r−1 (r − 1)q2i π
r−2
i |J ∩A0|,

and that the stabilization-effect satisfies ĉu ≤ 1{u∈J∩Ai}. Putting these together, we note that parameters λ
and C from (57) and Remark 21 satisfy

λ ≤ pi · f−τD
1

r−1 ·D
1

r−1 (r − 1)q2i π
r−2
i |J ∩A0|+ qi|J ∩A0|

as well as

C = max
{
max
u∈Ai

cu , max
u∈Ai

ĉu

}
≤ max{f−τD

1
r−1 , 1}.

Invoking the bounded-difference inequality (43) with t as defined in (136), using J ∈ Σs,γ together with the
technical assumption (122) of Remark 43 it follows that

P
(
Z1 ≤ τiqi+1|J ∩A0| − 2rσ1+ρqi+1π

max{r−3,0}
i |J ∩A0|

)
≤ exp

(
− t2

2(λ+ Ct)

)
≤ exp

(
− (log n)2w

)
,

(137)

which proves (133).
We now derive the upper bound for Z0 in (134). Since X+

≤i ⊆ A+
i implies |J ∩Ai| ≤ qi|J ∩A0|, note that

using J ∈ Σs,γ and the technical estimate (122) of Remark 43, we infer that

EZ0 ≤ qi|J ∩A0|
σ

qiD
1

r−1

≪ σ1+ρqi+1π
max{r−3,0}
i |J ∩A0| =: µ,

with µ = Ω
(
(log n)2w

)
, say. Invoking a standard Chernoff bound (see Remark 22), it follows that

P
(
Z0 ≥ σ1+ρqi+1π

max{r−3,0}
i |J ∩A0|

)
≤ P

(
Z0 ≥ EZ0 + µ/2

)
≤ exp

(
−Ω(µ)

)
≤ exp

(
− Ω

(
(log n)2w

))
,

(138) boundofZ0

which proves (134).
Next we turn to the proof of (135). For each 2 ≤ j ≤ r − 1, to prove an upper bound for Zj as defined

in (132), we first decompose it into two parts. Indeed, note that

Zj =
∣∣∣C(j)
i+1 ∩ J ∩Ai

∣∣∣ ≤ ∣∣∣Ĉ(j)
i+1,J

∣∣∣+ ∣∣∣(C(j)
i+1 \ Ĉ

(j)
i+1,J

)
∩
(
J ∩Ai

)∣∣∣, (139) twopartofZj

where we (with foresight) used

Ĉ
(j)
i+1,J :=

{
v ∈ J ∩Ai : there exists u ∈ PJ(i+ 1) ∩ Γi+1 with u ̸= v and e ∈ EH s.t.

u, v ∈ e, |(e \ {u, v}) ∩ Γi+1| = j − 1, |(e \ {u, v}) ∩ Vi| = r − j − 1
}
.
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Note that for any vertex v ∈ J ∩ Ai in the above definition, there exists a vertex u ∈ PJ(i + 1) such that

v ∈ Ỹu(i + 1). Exploiting the smooth independence property Si+1 to infer |PJ(i + 1)| ≤ f−τD
1

r−1 , and the

relaxed neighbor event Ỹi+1 to infer |Ỹu(i+ 1)| ≤ D
1

r−1Qr−1, for all J ∈ Σs,γ it thus follows that∣∣∣Ĉ(j)
i+1,J

∣∣∣ ≤ ∑
u∈PJ (i+1)

|Ỹu(i+ 1)| ≤ f−τD
1

r−1 ·D
1

r−1Qr−1. (140) firstpartofZj

For the second term in (139), note that for any vertex v ∈
(
C

(j)
i+1 \ Ĉ(j)

i+1

)
∩
(
J ∩ Ai

)
, there exists some

vertex-set U ∈ Yv,j(i) such that U ∩ PJ(i+ 1) = ∅ and U ⊆ Γi+1. Therefore∣∣∣(C(j)
i+1 \ Ĉ

(j)
i+1

)
∩
(
J ∩Ai

)∣∣∣ ≤ ∑
(U,v):v∈J∩Ai,U∈Yv,j(i),U∩PJ (i+1)=∅

1{U⊆Γi+1} =: Zj,2.

Combined with X+
≤i ⊆ A+

i ∩ Yi, we infer that

EZj,2 ≤ |J ∩Ai| · max
v∈A0

|Yv,j(i)| · pji

≤ qi|J ∩A0| ·
(
r − 1

j

)
qji π

r−1−j
i D

j
r−1 ·

( σ

qiD
1

r−1

)j
=

(
r − 1

j

)
σjqiπ

r−1−j
i |J ∩A0|.

We shall invoke Theorem 23 via Remark 24 to bound the upper-tail of Zj,2. Using notation from Theorem 23
and Remark 24, we have ξ(a) := 1{a∈Γi+1} for vertices a ∈ Ai, and Zj,2 =

∑
α∈I Yα for variables Yα :=

1{U⊆Γi+1}, where the index set I consists of all ordered pairs α = (U, v) that satisfy v ∈ J ∩Ai, U ∈ Yv,j(i),
and U ∩ PJ(i+ 1) = ∅. Next we shall bound the parameter C from Remark 24 associate with Zj,2. To this

end, given any (U, v) ∈ I with U ⊆ Γi+1, it suffices to bound the number of relevant (Û , v̂) ∈ I, i.e., which
satisfy U ∩ Û ̸= ∅ and Û ⊆ Γi+1. For this we first derive one extra constraint. Since we require Û ∈ Yv̂,j(i),

by definition of Yv̂,j(i) in (23), there must be an edge ê satisfying v̂ ∈ ê, Û ⊆ ê\{v̂}, ê\ ({v̂}∪ Û) ⊆ Vi. Since

we require Û ⊆ Γi+1 ⊆ Vi+1, then for any û ∈ Û by definition of Ỹû(i+ 1), we have v̂ ∈ Ỹû(i+ 1) ∩ J ∩ A0,
and by Vi+1 = Vi ∪ Γi+1,

|(ê \ {û, v̂}) ∩ Vi+1| = |e \ ({v̂} ∪ Û)|+ |Û \ {û}| = (r − j − 1) + (j − 1) = r − 2. (141) eq:eextraconstraint

With this extra constraint in hand, we are now ready to count the number of relevant (Û , v̂) ∈ I, as discussed.
As we require U ∩ Û ̸= ∅, there are at most r ways to choose a vertex û ∈ U to be in the intersection. Then

there are at most |Ỹû(i+1)∩J ∩A0|, which by the assumption Û ∩PJ(i+1) = ∅ is at most f−τD
1

r−1 , ways
to choose v̂ ∈ Ỹû(i+ 1) ∩ J ∩A0. Then there are at most ∆2,r−2(i+ 1) ways to choose an edge ê containing

{û, v̂} and satisfying (141). Once ê is chosen, there are at most 2r ways to choose Û contained in ê. Therefore
whenever the event Ni+1 holds, it follows that the parameter C associated with Zj,2 satisfies

C ≤ r · f−τD
1

r−1 ·∆2,r−2(i+ 1) · 2r ≤ r2rf−τD
1

r−1Qr−1.

Invoking Theorem 23 via Remark 24, using (122) from Remark 43 it follows that

P
(
Zj,2 ≥ 2

(
r − 1

j

)
σjqiπ

r−1−j
i |J ∩A0| and Ni+1

)
≤ exp

(
−

(
r−1
j

)2
σ2jq2i π

2(r−1−j)
i |J ∩A0|2

4r2rf−τD
1

r−1Qr−1 ·
(
r−1
j

)
σjqiπ

r−1−j
i |J ∩A0|

)
≤ exp

(
− (log n)2w

)
.

Taking a union bound over all 2 ≤ j ≤ r − 1 and J ∈ Σs,γ , using |Σs,γ | ≤ nw it readily follows that∑
2≤j≤r−1

∑
J∈Σs,γ

P
(
Zj,2 ≥ 2

(
r − 1

j

)
σjqiπ

r−1−j
i |J ∩A0| and Ni+1

)
≤ n−ω(1). (142) eq:probboundofZj2
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By (122) in Remark 43, and by qi
qi+1

∼ 1 via Remark 28, σ ≤ πi, and ρ < 1, for 2 ≤ j ≤ r − 1,

f−τD
2

r−1Qr−1 ≪ 3

(
r − 1

j

)
σjqiπ

r−1−j
i |J ∩A0| ≪ σ1+ρqi+1π

max{r−3,0}
i |J ∩A0|.

Combining this with (142) and (140), by (139), we have

P
(
{Zj > σ1+ρqi+1π

max{r−3,0}
i |J ∩A0| for some 2 ≤ j ≤ r − 1 and J ∈ Σs,γ}∩Ni+1 ∩ Ỹi+1 ∩Si+1

)
≤ n−ω(1).

(143) boundofZj

Thus we finish the proof of (133)–(135), which together with (132) and a union bound over all J ∈ Σs,γ
(for (133) and (134)) infers that

P
(
{XJ(i+ 1) ≤ τiqi+1|J ∩A0| − 4rt for some J ∈ Σs,γ} ∩ Ni+1 ∩ Ỹi+1 ∩ Si+1

)
≥ 1− n−ω(1). (144) eq:lowerboundonXJ

We are now ready to prove concentration of |J ∩Ai+1|. For its upper bound, by (131) and taking a union
bound over all J ∈ Σs,γ , with probability 1− n−ω(1) for all J ∈ Σs,γ we have

|J ∩Ai+1| ≤ |XJ(i+ 1)| ≤ qi+1|J ∩A0|.

For the remaining lower bound on |J ∩ Ai+1|, it suffices to show that the difference between |J ∩ Ai+1|
and XJ(i+ 1) is small. To see this, obverse that by smooth independence property, (124) in Lemma 44 (to
be proved in Section 4.3.3), and (122) in Remark 43, with probability 1− n−ω(1), for all J ∈ Σs,γ we have

|XJ(i+ 1) \ (J ∩Ai+1)| ≤
∑

u∈PJ (i+1)

|Ỹu(i+ 1)| ≤ f−τD
1

r−1 ·D
1

r−1Qr−1

≪ σ1+ρqi+1π
max{r−3,0}
i |J ∩A0|︸ ︷︷ ︸

=t

.
(145) eq:boundofdiffXJ

Since |J ∩Ai+1| = |XJ(i+1)| − |XJ(i+1) \ (J ∩Ai+1)|, using (144) for the lower bound on the former term
and (145) for the upper bound on the latter term, and estimating τi+1 in the same way as the end in the
proof of Theorem 32 so that τiqi+1|J ∩A0| − 4rt− t ≥ τi+1qi+1|J ∩A0|, we have

P
({

|J ∩Ai+1| < τi+1qi+1|J ∩A0| for some J ∈ Σs,γ
}
∩Ni+1 ∩ Ỹi+1 ∩ Si+1

)
≤P({XJ(i+ 1) ≤ τiqi+1|J ∩A0| − 4rt for some J ∈ Σs,γ} ∩ Ni+1 ∩ Ỹi+1 ∩ Si+1

)
+ P(|XJ(i+ 1) \ (J ∩Ai+1)| ≥ t for some J ∈ Σs,γ)

≤n−ω(1),

which completes the proof.

4.3.2 Event I+
m: size of |J ∩ Im| for J ∈ Σs,γ

sub:IminJ
In this subsection we prove estimate (126) via Theorem 46 below, which concerns concentration of the number
of |J ∩ Im| vertices contain in the final independent set Im that are also in J , for all configuration J ∈ Σs,γ .

thm:Isettm Theorem 46. We have P(¬I+
m ∩ X+

≤m) ≤ n−ω(1).

The following based proof of Theorem 46 is very similar to the proof of Theorem 33 in Section 3.2,
which simply concerned the number |Im| vertices in the final independent set Im. Here the definition of
configurations will be crucial, since it enables a union bound argument over all J ∈ Σs,γ .

boundofXYinW Lemma 47. Let TJ denote the event that the following bounds hold:

XJ :=
∑

0≤i<m

|J ∩Ai ∩ Γi+1| ∈
[
(1− δ

2
)µ−
J , (1 +

δ

2
)µ+
J

]
, (146) eq:boundXJ

YJ :=
∑

0≤i<m

|J ∩Ai ∩ V (Di+1)| ≤ δ2µ−
J /9, (147) eq:boundYJ
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where µ+
J =

∑
0≤i<m⌊qi · |J ∩A0|⌋pi and µ−

J =
∑

0≤i<m⌈τiqi · |J ∩A0|⌉pi. Then for any J ∈ Σs,γ , we have

P(¬TJ ∩ X+
≤m) ≤ 3n−2w.

Proof of Theorem 46 (assuming Lemma 47). The proof is similar to that of Theorem 33 in Section 3.2 via
Lemma 34. By taking a union bound over all of the at most |Σs,γ | ≤ nw many configurations J ∈ Σs,γ ,
using Lemma 47 and w = ω(1) it follows that, with probability at 1−n−ω(1), it follows that (146)–(147) hold
for all J ∈ Σs,γ . We may assume δ ≤ 1. By recursive definition of Im we have

XJ − YJ ≤ |J ∩ Im| ≤ XJ . (148) eq:FI0inW

Noting µ−
J ≥ τmµ

+
J ≥ (1− δ/2)µ+

J , Lemma 47 implies XJ ≤ (1 + δ/2)µ+
J and

XJ − YJ ≥ (1− δ/2− δ2/9) · µ−
J ≥ (1− δ + δ2/8)µ+

J .

It thus suffices to show that µ+
J ∼ ξ

(
(log f)/D

)1/(r−1)

|J ∩ A0|. But this is routine: as J ∈ Σs,γ , using

qi|J ∩A0|pi ≥ σ

D
1

r−1
γs2/4 ≫ pi =

σ

qiD
1

r−1
by (122) in Remark 43, we have

µ+
J =

∑
0≤i<m

(qi|J ∩A0| ± 1)pi

∼
∑

0≤i<m

qi|J ∩A0| ·
σ

qiD
1

r−1

=
mσ

D
1

r−1

|J ∩A0|

∼ ξ
( log f

D

) 1
r−1 |J ∩A0|,

(149) eq:mupinW

which completes the proof of Theorem 46, as discused.

Proof of Lemma 47. We start with XJ =
∑

0≤i<m |J ∩Ai ∩ Γi+1|. Define

X+
J,i+1 := 1{Xi}

∑
v∈J∩Ai

1{v∈Γi+1} and X+
J :=

∑
0≤i<m

X+
J,i+1.

Note that XJ = X+
J when X+

≤m =
⋂

0≤i≤m X+
i holds. Let Z+

J,i+1
d
= Bin(⌊qi · |J ∩ A0|⌋, pi) be independent

random variables. Since the Fi-measurable event X+
i ⊆ A+

i implies |J ∩ Ai| ≤ qi · |J ∩ A0|, it is easy to see
that P(X+

J,i+1 ≥ t | Fi) ≤ P(Z+
J,i+1 ≥ t) for t ∈ R. Setting

Z+
J :=

∑
0≤i<m

Z+
J,i+1

d
=

∑
0≤i<m

Bin
(
⌊qi · |J ∩A0|⌋, pi

)
, (150) eq:ZplusinW

a standard stochastic domination argument then shows P(X+
J ≥ t) ≤ P(Z+

J ≥ t) for t ∈ R, so that

P(XJ ≥ t and X≤m) ≤ P(X+
J ≥ t) ≤ P(Z+

J ≥ t). (151) eq:XUTinW

Since X+
i ⊆ A+

i also implies |J ∩Ai| ≥ τiqi · |J ∩A0|, an analogous argument gives

P(XJ ≤ t and X+
≤m) ≤ P(Z−

J ≤ t) with Z−
J

d
=

∑
0≤i<m

Bin
(
⌈τiqi · |J ∩A0|⌉, pi

)
. (152) eq:XLTinW

Using µ−
J ≥ 1

2µ
+
J , (149), f ≥ nη, w = Ts = TB(log n)1−

1
r−1D

1
r−1 and δ2ξγBη

1
r−1

T > 288 by assumption of
Theorem 41, for J ∈ Σs,γ we have

δ2 min{µ−
J , µ

+
J } ≥ δ2

2
µ+
J

≥ δ2

3
ξ
( log f

D

) 1
r−1 |J ∩A0|

≥ δ2

3
ξ
(η log n

D

) 1
r−1 1

4
γB(log n)1−

1
r−1D

1
r−1 · w

T
> 24w log n.
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Since EZ±
J = µ±

J , by standard Chernoff bounds (see Remark 22) we obtain

P
(
XJ ̸∈ [(1− δ/2)µ−

J , (1 + δ/2)µ+
J ] and X+

≤m

)
≤ P

(
Z−
J ≤ (1− δ/2)µ−

J

)
+ P

(
Z+
J ≥ (1 + δ/2)µ+

J

)
≤ exp(−δ2µ−

J /8) + exp(−δ2µ+
J /12)

≤ 2 exp(−2w log n) = 2n−2w.

(153) eq:XUTLYmuinW

Finally, turning to YJ =
∑

0≤i<m |J ∩Ai ∩ V (Di+1)|, for brevity we define

YJ,i+1 := |J ∩Ai ∩ V (Di+1)| and yJ := δ2µ−
J /9. (154)

Note that YJ =
∑

0≤i<m YJ,i+1 and YJ,i+1 ∈ N. Since X+
≤i =

⋂
0≤j≤i X

+
j , a union bound argument gives

P(YJ ≥ δ2µ−
J /9 and X+

≤m) ≤
∑

(yJ,1,...,yJ,m)∈Nm∑
0≤i<m yJ,i+1=⌈yJ⌉

P
( ⋂

0≤i<m

(
YJ,i+1 ≥ yJ,i+1 and X+

≤i+1

))

≤
∑

(yJ,1,...,yJ,m)∈Nm∑
0≤i<m yJ,i+1=⌈yJ⌉

∏
0≤i<m

P
(
YJ,i+1 ≥ yJ,i+1

∣∣∣ ⋂
0≤j<i

(
YJ,j+1 ≥ yJ,j+1 and X+

≤j+1

))
.

(155) eq:sumboundinJ

Gearing up to apply Theorem 23 to YJ,i+1, with an eye on Di+1 ⊆ Bi+1 and Ii ⊆ Vi, we define (as mentioned,
we identify the index α ∈ I(J) with its first coordinate α1 in this application) the index set

I(J) :=
⋃

2≤j≤r

{
U ⊆ Ai : |U | = j, U ∩ J ∩Ai ̸= ∅, there exists Û ⊆ Vi, U ∪ Û ∈ EH

}
.

For α ∈ I(J), there exists a v ∈ α and v ∈ J ∩ Ai, α \ {v} ∈ Yv,|α|−1(i), we infer by the usual reasoning

(πi ≥ σ and that X+
i ⊆ A+

i ∩ Yi implies |J ∩Ai| ≤ qi|J ∩A0| and |Yv,j(i)| ≤
(
r−1
j

)
qji π

r−1−j
i D

j
r−1 ) that

∑
α∈I(J)

E(1{α⊆Γi+1} | Fi) ≤
∑

v∈J∩Ai

∑
α∈I(J):v∈α

p
|α|
i ≤

∑
v∈J∩Ai

r−1∑
j=1

∑
U∈Yv,j(i)

p
|U∪{v}|
i

≤ qi|J ∩A0|
r−1∑
j=1

(
r − 1

j

)
qji π

r−1−j
i D

j
r−1

( σ

qiD
1

r−1

)j+1

=
|J ∩A0|
D

1
r−1

r−1∑
j=1

(
r − 1

j

)
σj+1πr−1−j

i

≤ |J ∩A0|
D

1
r−1

r · 2rσ2πr−2
i =: µ∗

J,i+1.

Since Di+1 is a collection of vertex-disjoint elements of Bi+1 (and thus {α̂ ∈ Di+1 : α∩ α̂ ̸= ∅} = {α} for all
α ∈ Di+1), using V (Di+1) =

⋃
α∈Di+1

α ⊆ Γi+1 ⊆ Ai, |α| ≤ r and Ii ⊆ Vi, it is not difficult to check that

YJ,i+1 =
∑

α∈Di+1

|α ∩ J ∩Ai| ≤ r ·
∑

α∈I(J)∩Di+1

1{α⊆Γi+1} ≤ rZ1,

where Z1 is defined as in Theorem 23. Applying (44) with C = 1 and µ = µ∗
J,i+1 (in the probability space

conditional on Fi), whenever X+
≤i holds it follows that, say,

P(YJ,i+1 ≥ yJ,i+1 | Fi) ≤ P(Z1 ≥ yJ,i+1

r
| Fi) ≤


(
eµ∗

J,i+1

yJ,i+1/r

)yJ,i+1/r

≤ σyJ,i+1/(2r) if yJ,i+1 ≥ reµ∗
J,i+1/

√
σ,

1 otherwise.

(156) BoundeachterminJ
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Comparing the definition of
∑

0≤i<m µ
∗
J,i+1 with µ−

J , using τi ≥ τm ≥ 1
2 and

√
σπr−2

i ≪ δ2 by (121) in
Remark 43 we see that ∑

0≤i<m:
yJ,i+1≤reµ∗

J,i+1/
√
σ

yJ,i+1 ≤ re√
σ

∑
0≤i<m

µ∗
J,i+1 ≪

δ2µ−
J

9
= yJ .

So, inserting (156) into (155), using yJ
m log yJ

> 1 and yJ = Ω(w log n), it follows that

P(YJ ≥ δ2µ−
J /9 and X+

≤m) ≤
∑

(yJ,1,...,yJ,m)∈Nm∑
0≤i<m yJ,i+1=⌈yJ⌉

σ
⌈yJ⌉
2r −o(yJ ) ≤ (yJ + 2)mσ

⌈yJ⌉
4r ≪ n−2w,

completing the proof.

4.3.3 Event Ỹi: crude bound on number |Ỹv(i)| of relaxed neighbors
sub:tYvi

In this subsection we prove estimate (124) via Lemma 48 below, which concerns a crude bound on num-
ber |Ỹv(i)| of relaxed neighbors defined in (107).

tY Lemma 48. We have P(¬Ỹi for some 0 ≤ i ≤ m) ≤ n−ω(1).

The following proof of Lemma 48 is very similar to the proof of Lemma 37 in Section 3.3, which concerned
related (but slightly different) auxiliary variables.

Proof. Then case r = 2 is trivial (since ∆1 ≤ D), so we may henceforth assume that r ≥ 3. Note that when
the coupling (91) from Section 3.3 holds, then for any vertex v ∈ A0 we have

Ỹv(i) ≤
∑

(U,e):e∈EH,v∈e,U⊆e\{v},|U |=r−2

1{U⊆Vi} ≤
∑

(U,e):e∈EH,v∈e,U⊆e\{v},|U |=r−2

1{U⊆V +} =: Ỹ +
v , (157) eq:def:tYv^+

recalling that V + is a P -random subset of A0. For all 0 ≤ i ≤ m it follows that

P
(
Ỹv(i) ≥ D

1
r−1Qr−1

)
≤ P

(
Ỹ +
v ≥ D

1
r−1Qr−1

)
. (158) eq:Lemma43

Gearing up to apply the upper tail inequality Theorem 23 to Ỹ +
v via Remark 24 (exploiting the ‘good’

event G = N+), note that

EỸ +
v ≤ D

(
r − 1

r − 2

)
P r−2 ≤ rD

1
r−1Qr−2.

Next we shall bound the parameter C from Remark 24 associated with Ỹ +
v . Using notation from Theorem 23

and Remark 24, we have ξ(a) := 1{a∈V +} for vertices a ∈ A0, and Ỹ +
v =

∑
α∈I Yα for variables Yα :=

1{U⊆V +}, where the index set I consists of all ordered pairs α = (U, e) that satisfy e ∈ EH, v ∈ e, U ⊆ e\{v},
and |U | = r − 2. We shall bound the associated C-term from Remark 24: to this end, given any (U, e) ∈ I
with U ⊆ V +, it suffices to bound the number of relevant (Û , ê) ∈ I, i.e., which satisfy U ∩ Û ̸= ∅ and
Û ⊆ V +. For this we first derive one extra constraint. Since we require Û ⊆ V +, for any û ∈ Û , an edge ê
with (Û , ê) ∈ I must satisfy {û, v} ⊆ ê and

|(ê \ {û, v}) ∩ V +| ≥ |Û \ û| = r − 3. (159) eq:eextracondition1

With this extra constraint in hand, we are now ready to count the number of relevant (Û , ê) ∈ I, as discussed.
As we require U ∩ Û ̸= ∅, there are at most r ways to choose a vertex û ∈ U to be in the intersection. And
then there are at most ∆+

2,r−3 (see (92) for definition of this parameter) edges ê containing {û, v} and

satisfying (159). And then there are at most 2r ways to choose Û ⊆ ê. It follows that, whenever the
event N+ holds (which was defined in (93) of Section 3.3), the parameter C associated with Ỹ +

v satisfies

C ≤ r ·∆+
2,r−3 · 2r ≤ r · 2rD

1
r−1 f−1Qr−2.
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Invoking Theorem 23 via Remark 24, using Q = f2ξ
r−1

and f ≥ nη we readily infer

P(Ỹ +
v ≥ D

1
r−1Qr−1 and N+) ≤

(
1

Θ(Q)

)D
1

r−1 Qr−1

C

≤ n−ω(1), (160) eq:proftYv^+

which in view of inequality (158) and Lemma 36, completes the proof by a standard union bound argument
(to account for all possible vertices v ∈ A0).

To sum up, Theorems 45–46 and Lemma 48 together complete the proof of Lemma 44 (and thus Theo-
rem 41, which in turn implies Theorem 7, as discussed).

4.4 Strengthening of Theorem 7: proof of Corollary 8
subsec:proofofrandomH

By proceeding similarly to the way we strengthened Theorem 2 to Corollary 3 in Section 3.4, it is also
straightforward to strengthen Theorem 7 to Corollary 8, the main idea being that I ⊆ Vm is stochastically
contained in a P -random vertex-subset of V = VH,

Proof of Corollary 8. The proof is very similar to the proof of Corollary 3: the only difference is that here

we set ξ := min{(min{τ,β}
37 )

1
r−1 , ( ζ2 )

1
r−1 } in the above proof of Theorem 41 (and thus Theorem 7), where the

first requirement comes from (120) (to satisfy Remark 43), and the second ensures nζ ≥ fζ ≥ f2ξ
r−1

= Q
in (30).

4.5 Verifying the smooth independence property
sub:vsi

The goal of this section is to prove the smooth independence result Lemma 39, which by definition (10) of the
set of graphs F is equivalent to the following more concrete lemma (that lists all relevant graphs explicitly).

lem:smooth:concrete Lemma 49 (Smooth independence). The graph graph H has the smooth independence property if it is one
of the following graphs:

cliquesmooth (i) a complete ℓ-vertex graph Kℓ for fixed ℓ ≥ 4,

cyclesmooth (ii) a ℓ-cycle Cℓ for fixed ℓ ≥ 4,

completebipartitesmooth (iii) a complete bipartite graph Ka,a for fixed a ≥ 4, or

hypercubesmooth (iv) a k-dimensional cube Qk for fixed odd k ≥ 5.

The proof of this lemma is spread across the remainder of this section.
In Section 4.5, we set

p := n
− vH−2

eH−1 . (161) eq:defofsmallp

rem:discussionoff Remark 50. As in the proof of Theorem 7, we can assume that in the r-uniform hypergraph HH we have

r = eH , D = Θ(nvH−2), f = nη for some η > 0, and p = Θ(D− 1
r−1 ) satisfying (3)–(6) and Lemma 18, for

graphs H that we consider in Lemma 49.

Let ϵ > 0 be some small constant (specific requirements will be assigned in the proofs of (i)–(iv) in
Lemma 49). As discussed around (91) there is a coupling satisfying Vi ⊆ V +, where V + is a P -random
vertex-subset of A0, where each vertex v ∈ A0 is included independently with probability P ≤ pnϵ by (30)

and the choice of ξ, ϵ so that f2ξ
r−1 ≤ nϵ. We have the following result regarding the inclusion probability.

lemma:proboffixedgraph Lemma 51. For any fixed graph F on [n] and all 0 ≤ i ≤ m, we have P(F ⊆ Vi) ≤ P eF ≤ peF nϵeF .
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4.5.1 Crude auxiliary bounds
subsubsec:auxiboundsm

The conceptual crux is that Lemma 51 for the occurrence probability in Vi corresponds to the occurrence
probability bound [8, Lemma 4.1] in the work of Bohman–Keevash on the H-free process, which means that
we can reuse various estimates from their work that only rely on their Lemma 4.1 (in particular those from [8,
Section 12]). We shall below collect a few such estimates.

First, [8, Lemma 4.1] is used to derive [8, Lemma 4.2], which in view of our Lemma 51 translates (as
discussed) to the following result in our setting.

edgebetweenlargesets Lemma 52. For any integers a, b ≥ 1, with probability at least 1 − n−(a+b), the following holds: for all
A,B ⊆ [n] with |A| = a, |B| = b,

max
0≤i≤m

|Vi ∩ (A×B)| ≤ max
{
4ϵ−1(a+ b), pabn2ϵ

}
,

where A×B :=
{
{p1, p2} : p1 ∈ A, p2 ∈ B

}
.

Second, [8, Lemma 4.2] is then used to derive [8, Lemma 4.3], which in view of our Lemma 51 translates
(as discussed) to the following result in our setting.

BD:DAd Lemma 53. For any integers a, d satisfying 16ϵ−1 ≤ d ≤ a ≤ 1
2dp

−1n−2ϵ, with probability at least 1 − n−a

the following holds: for all A ⊆ [n] with |A| = a,

max
0≤i≤m

|DA,d(i)| ≤ 16ϵ−1d−1a,

where DA,d(i) :=
{
p1 ∈ [n] :

∣∣{p2 ∈ A : {p1, p2} ∈ Vi
}∣∣ ≥ d

}
.

Similarly, in Section 5 of [8] the analogous version of Lemma 51 for H-free process is used to derive [8,
Lemma 5.1], which in turn is used to derive [8, Lemma 5.2], which in turn is used to [8, Lemma 12.2]. Hence
the following Lemmas 54–56 also hold in our setting.

For a graph G and a vertex-subset A of G, same as the definition in Section 1.2 of [8], recalling p = n
− vH−2

eH−1

in (161), we define
SA,G := nvG−|A|peG−eG[A] . (162) def:SAG

Note that for A ⊆ B ⊆ VG, SB,G =
SA,G

SA,G[B]
.

We call (A,G) a strictly balanced pair if SA,G < SA,G[B] for all A ⊊ B ⊊ VG, or equivalently SB,G < 1
for all A ⊊ B ⊊ VG.

For a graph H, an embedding of H in Vi is an injection f : V (H) → [n] satisfying for all {p1, p2} ∈ EH ,
{f(p1), f(p2)} ∈ Vi. Given a graph G, a vertex-subset A of G, and an injection ϕ : A→ [n], let Nϕ,G(Vi) be
the number of injections g : VG → [n] satisfying g|A = ϕ and for all e ∈ EG \ EG[A], g(e) ∈ Vi.

numberofextensions:easy Lemma 54. Let S+
B,G := nvG−|B|P eG−eG[B] for P as in (30). Then for any ψ > 0, with probability 1−n−ω(1),

for any injection ϕ : A→ [n] with A ⊆ VG, we have

Nϕ,G(Vi) ≤ fψ max
A⊆B⊆VG

S+
B,G.

The following simple proof is inspired by arguments of Šileikis and Warnke [22] (see also [10]).

Proof. When the coupling (91) holds, it is enough to prove the result for Nϕ,G(V
+), i.e., we replace Vi by V

+

in the definition of Nϕ,G. Fix an injection ϕ : A→ [n]. It follows that

E(Nϕ,G)κ ≤
∑

(g1,...,gκ)

E
( ∏
i∈[κ]

1{gi(EG\EG[A])⊆E+}

)
=

∑
(g1,...,gκ)

P |∪i∈[κ]gi(EG\EG[A])|,

where the sum is over all κ-tuples (g1, . . . , gκ) of injections gi counted by Nϕ,G. Note that

gi(EG \ EG[A]) \ ∪j∈[i−1]gj(EG \ EG[A]) ∼= EG \ ERi
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and
gi(EG \ EG[A]) ∩

(
∪j∈[i−1] gj

(
EG \ EG[A])

) ∼= ERi
\ EG[A]

for some G[A] ⊆ Ri ⊆ G. Taking all possible ‘overlaps’ gi(EG \ EG[A]) with ∪j∈[i−1]gj
(
EG \ EG[A]) into

account, it follows that there are Cκ, Dκ (what may depend on A,G) such that

E(Nϕ,G)κ ≤
∑

R1,...,Rκ

Dκ

∏
i∈[κ]

nvG−vRiP eG−eRi ≤ Cκ( max
G[A]⊆J⊆G

nvG−vJP eG−eJ )κ.

Noting that the maximum is attained by induced subgraphs, we infer

max
G[A]⊆J⊆G

nvG−vJP eG−eJ = max
A⊆B⊆VG

nvG−|B|P eG−eG[B] = max
A⊆B⊆VG

S+
B,G.

It follows that for any ψ > 0, for κ ≥ κ0(Cκ, ψ) and n ≥ n0(Cκ) large enough, noting f = nη, we have

P(Nϕ,G ≥ fψ max
A⊆B⊆VG

S+
B,G) ≤ Cκf

−ψκ ≤ f−ψκ/2 ≤ n−(C+vG+1).

After taking a union bound (to account for all injections ϕ), for all n ≥ n0(C), the failure probability is less
than n−C . This completes the proof by the usual reasoning (since C was arbitrary).

cor:numberofextensions:easy Corollary 55. Assume that ϵ, ξ > 0 satisfy ηξr−1 ≤ ϵ. Then, with probability 1−n−ω(1), we have Nϕ,G(Vi) ≤
n4eGϵmaxA⊆B⊆VG

SB,G.

Proof. We may assume eG ≥ 1, otherwise the result is trivially true. Note that S+
B,G ≤ QeG · SB,G. We

then invoke Lemma 54 with ψ := 2ξr−1, which in view of fψQeG = fψ+2eGξ
r−1 ≤ nη·4eGξ

r−1 ≤ n4eGϵ readily
completes the proof.

The next lemma offers a sufficient condition to verify if a graph H has smooth independence property,
analogous to [8, Lemma 12.2].

lemma:strictlythensmooth Lemma 56. Suppose that ({x, y}, H \{u, v}) is strictly balanced for any two edges {u, v}, {x, y} of H and H
has minimum degree at least 3. Then H has smooth independence property.

Proof. With the help of Corollary 55, which has the same form as Lemma 5.2 in [8], the proof of Lemma
12.2 in [8] carries over (noting that their vertex-set I and edge-set PI(i) play the roles of W and B(W2 )

(i− 1)

in our setting, respectively).

For a given vertex p1 ∈ [n], we define the set of neighbors and their number as

NVi(p1) :=
{
p2 ∈ [n] : {p1, p2} ∈ Vi

}
and NVi(p1) :=

∣∣NVi(p1)
∣∣.

Finally, we can bound the graph degreeNVi
(p1) by Lemma 51, an analog of which is used by Bohman–Keevash

to prove [8, Lemma 12.1].

degreeingraph Lemma 57. If the graph H satisfies vH−2
eH−1 ≤ 1, then with probability at least 1− n−ω(1), for all p1 ∈ [n] and

0 ≤ i ≤ m,
NVi

(p1) ≤ npn2ϵ.

Proof. By Lemma 51, for a fixed p1 ∈ [n], setting x := npn2ϵ, we have

P
(
|NVi(p1)| ≥ x

)
≤
(
n

x

)
pxn(1+o(1))ϵx ≤

(enpn(1+o(1))ϵ

x

)x
≤ n−

1
2 ϵx ≤ n−ω(1).

We complete the proof by taking a union bound over all p1 ∈ [n].

38



4.5.2 Proof of smooth independence result Lemma 49
sec:verify:smooth:indep

With the auxiliary estimates from Section 4.5.1 in hand, we are now ready to verify the smooth independence
property of the graphs listed in Lemma 49. We first focus on cycles Cℓ with ℓ ≥ 5, where the path counting
argument from [8, Section 12] carries over.

Proof of Lemma 49 (ii). With an eye on Remark 50, we set ητ = 5ℓϵ so that fτ = n5ℓϵ (recalling we have
the freedom to choose τ and ϵ). The proof follows that of [8, Lemma 12.1] by recalling their definition of
smooth independence and the size parameter α in [8, Section 11] and making few minor changes as below.
To avoid clutter of I in their proof with our notation of independent set in hypergraph, we replace their I
with W . We define

Wj := {v : |NVi(v) ∩Wj−1| > n−10ℓϵpn},

and use Lemma 57 to bound the degree of any vertex. With ϵ much less than 1/ℓ in mind, i.e. 10ℓ(ℓ− 1)ϵ <
1/(ℓ− 1), their robust proof then carries over.

We next turn to cliques Kℓ with ℓ ≥ 5, where the density argument from [8, Section 12] carries over.

Proof of Lemma 49 (i) for ℓ ≥ 5. When H = Kℓ, we have r =
(
ℓ
2

)
, therefore p = n−

ℓ−2
r−1 = n−

2
ℓ+1 . When

ℓ ≥ 6, for any distinct edges {x, y}, {u, v} ∈ EH and vertex-set B satisfying {x, y} ⊊ B ⊊ VH , it is easy to
check that S{x,y},(H\{u,v})[B] > S{x,y},H\{u,v}, therefore SB,H\{u,v} = S{x,y},H\{u,v}/S{x,y},(H\{u,v})[B] < 1,
i.e., ({x, y}, H \ {u, v}) is strictly balanced. Then Lemma (i) for ℓ ≥ 6 cases follows from Lemma 56. When
ℓ = 5, the proof of Lemma 12.3 in [8] carries over (with the same observation as in the proof of Lemma 56).

Verifying smooth independence of K4 is conceptually similar but more involved, and we thus defer the
proof of Lemma 49 (i) for ℓ = 4 to Appendix A.2.1. The proofs of Lemma 49 (iii)–(iv) for complete bipartite
graphs Ka,a and k-dimensional cubes Qk are straightforward applications of Lemma 56, and we defer these
routine arguments (that involve a number of technical estimates that are rather tangential to the main
arguments here) to Appendices A.2.2–A.2.3. This completes the proof of Lemma 49 (and thus Lemma 39,
as discussed).

5 Pseudo-randomness: vertex-distribution
sec:pseudorandom1

The goal of this section is to prove the pseudo-random result Theorem 5 and its consequence Corollary 6,
i.e., to show that the semi-random greedy independent set algorithm constructs an independent set I = Im
that intuitively ‘looks like’ a random vertex-subset of VH (where each vertex is included independently with
a certain probability). To this end we shall prove the following generalization of Theorem 5, which holds for
every intermediate independent set Ii of the semi-random algorithm (not just for the final set I = Im).

thm:edgesofGinIi Theorem 58. Fix r ≥ 2 and L ≥ 1. Let H = (V,E) be an r-uniform hypergraph satisfying the assumptions
of Theorem 2. Then, for all W ⊆ V of size |W | ≤ L that do not contain an edge of H, for all steps 0 ≤ i ≤ m
we have

P(W ⊆ Ii) = (1 + o(1))ϱ
|W |
i with ϱi :=

σi

D
1

r−1

, (163) eq:probofXG

where σ = σ(f, r) > 0 is defined as in (14) and m = m(ξ, d,D, r) is defined as in (15).

Using the pseudo-random estimate (163), a routine second moment calculation yields the following gen-
eralization of Corollary 6, which again holds for every intermediate independent set Ii (not just for I = Im).
Let XG(i) := |E(G[Ii])| denote the number of edges in G that are completely contained in the independent
set Ii constructed by the semi-random independent set algorithm.

cor:pseudo-random:general Corollary 59. Fix r, t ≥ 2. Let H = (V,E) be an r-uniform hypergraph satisfying the assumption of Theo-
rem 2. Let G be a t-uniform hypergraph on the vertex-set V , such that no edge of G contains an edge of H.
If |E(G)| · ϱti → ∞ and ∆a(G) = o

(
|E(G)| · ϱai

)
for 1 ≤ a ≤ t− 1, then with high probability

XG(i) = (1 + o(1))|E(G)|ϱti, (164) eq:cor:pseudo-random:general

where ϱi = ϱi(f,D, r) > 0 is defined as in (163).
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Proof of Corollary 59 (assuming Theorem 58). Applying Theorem 58 with L = 25, we may henceforth as-
sume that (163) holds for all 1 ≤ κ ≤ 2t. The first moment of XG(i) therefore satisfies

EXG(i) = |E(G)| · (1 + o(1))ϱti → ∞. (165) eq:cor:pseudo-random:general:FM

Turning to the second moment of XG(i), note that

EXG(i)
2 =

∑
f1∈E(G)

∑
f2∈E(G)

P(f1 ∪ f2 ⊆ Ii). (166) eq:cor:pseudo-random:general:SM:def

The crux is now that the upper bound

P(f1 ∪ f2 ⊆ Ii) ≤ (1 + o(1))ϱ
|f1∪f2|
i (167) eq:twoedgesobservation

follows by a case distinction: (i) if f1 ∪ f2 does not contain an edge of H, then (167) holds with equality
by (163), and (ii) if f1 ∪ f2 contains an edge of H, then the probability in (167) equals zero since the
independent set Ii contains no edges of H (by construction). Taking into accounts all possible overlaps of any
two hyperedges f1, f2 ∈ E(G), using ∆t(G) ≤ 1 and t = O(1) together with the assumption that ∆a(G) =
o
(
|E(G)| · ϱai

)
for 1 ≤ a ≤ t− 1, by combining (166) with estimates (167) and (165) it follows that

EXG(i)
2 ≤ |E(G)|2 · (1 + o(1))ϱ2ti +O

( ∑
1≤a≤t

|E(G)| ·∆a(G) · ϱ2t−ai

)
= (1 + o(1))

(
EXG(i)

)2
,

which readily completes the proof of the with high probability estimate (164) by the second moment method
(i.e., an application of Chebyshev’s inequality).

In the upcoming proof of Theorem 58 it will be useful to complement the supplement the ‘closure proba-
bility estimate’ (55) from Lemma 29 with the lower bound in (168) below.

lemma:generalizedmultiprobnotinC Lemma 60. Fix L ≥ 1. For all W ⊆ Ai with |W | ≤ L, we have

(1− σ1+ρ/2π
max{r−3,0}
i )

(qi+1

qi

)|W |
≤ P(W ∩ Ci+1 = ∅ | X≤i) ≤

(qi+1

qi

)|W |
. (168) eq:lemma:generalizedmultiprobnotinC

Proof of Lemma 60. The proof is very similar to that of Lemma 29 (using |Yw1 ∪ · · · ∪ Ywj | ≤
∑

1≤ℓ≤j |Ywℓ
|

for the lower bound, and the term σρ/2 to absorb constants), and we thus leave the straightforward details
to the reader.

Proof of Theorem 58. For i = 0 the statement is trivially true, due to I0 = ∅ and the standard convention
00 = 1. In the following, we may therefore assume i ≥ 1. SupposeW = {v1, . . . , vκ}. Since P(¬X≤i) = N−ω(1)

is negligible compared to the main term in the formula, it suffices to estimate the probability of

P(v1, . . . , vκ ∈ Ii and X≤i). (169) eq:aimevent

To estimate this probability, the idea is to sum over all iκ choices of the steps 1 ≤ ij ≤ i where the vertex vj
is included into the independent set Iij from Iij−1 (to clarify: here the steps ij of the vertices do not need
to be distinct, since multiple vertices can be added in each step of the semi-random construction). Hence
for each choice of (i1, . . . , iκ) there is 1 ≤ κ̃ ≤ κ and steps 1 ≤ m1 < · · · < mκ̃ ≤ i and non-empty disjoint
sets J1, . . . , Jκ̃ satisfying J1 ∪ · · · ∪ Jκ̃ = {v1, . . . , vκ} such that, for each 1 ≤ p ≤ κ̃, the vertices in Jp are all
included into the independent set Imp

from Imp−1. To facilitate working with these definitions, set

E = E(m1, . . . ,mκ̃, J1, . . . , Jκ̃) :=
⋂

1≤p≤κ̃

{Jp ⊆ Γmp
\ V (Dmp

)} ∩ X≤i. (170) eq:def:cEv

Let Ej be the event that the first j steps are compatible with the event E . Then an upper bound on (169) is

P(E) ≤
∏

1≤ℓ≤mκ̃

P(Eℓ | Eℓ−1).
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For 1 ≤ ℓ < mκ̃, let h(ℓ) be the smallest p so that ℓ < mp. When ℓ = mp for some 1 ≤ p ≤ κ̃, then

P(Eℓ | Eℓ−1) ≤ P(Jp ⊆ Γmp
| Emp−1) =

(
σ

qmp−1D
1

r−1

)|Jp|

.

Otherwise, when ℓ ̸= mp for all 1 ≤ p ≤ κ̃, then together with Lemma 60,

P(Eℓ | Eℓ−1) ≤ P
(
(∪h(ℓ)≤q≤κ̃Jq) ∩ Cℓ = ∅ | Eℓ−1

)
≤
( qℓ
qℓ−1

)∑
h(ℓ)≤q≤κ̃ |Jq|

.

Multiplying these probabilities, and noting that most terms cancel, using q0 = 1, qℓ−1/qℓ ≤ 1 +O(σ1/2) (see

Remark 28),
∑κ̃
p=1 |Jp| = κ, and κ̃ ≤ κ, it follows that, say

P(E) ≤
(
1 +O(σ1/2)

)κ2( σ

D
1

r−1

)κ
= (1 + o(1))

( σ

D
1

r−1

)κ
. (171) eq:aimevent:upper

Putting things together, this establishes the upper bound in (169) by summing the probability (171) over all
the iκ possible choices of the vertex-inclusion sequences (i1, . . . , iκ).

The proof of the lower bound in (169) is conceptually similar, but we need more involved events to
guarantee that certain vertices are added; we defer the more technical details to Appendix A.3.

6 Final remarks: weaker assumptions

We close by remarking that, with some care in the proofs, we can weaken some of the technical assumptions
used in this paper. For example, Theorem 2 and Corollary 3 are still true if we relax the definition of Γ in (2)
by restricting to the pairs of vertices v, v′ that are contained in an edge e ofH, i.e., replacing assumption (5) by

Γe(H) ≤ D/f, (172) assumption3newI

where the definition of Γe(H) is the same as that of Γ(H) from (2), except that we now insist on the two
vertices v, v′ being contained in some edge of H. Note that in the graph case r = 2 (which is not our main
focus) the relaxed parameter Γe(H) counts the maximum number of triangles containing any edge, which
means that (172) is reminiscent of the triangle-free condition used, e.g., by Ajtai–Komlós–Szemerédi [2] and
Shearer [21] in the analysis of the independence number. In the graph case r = 2 of Theorem 2 and Corollary 3,
we can alternatively also replace assumption (5) by

max
v∈VH

|{EC ⊆ EH : C ∼= C4, v ∈ VC}| ≤ D3/f, (173) eq:numberofC4I

where C4 denotes the 4-vertex cycle, as usual. Note that in this case the left-hand side of (173) counts the
maximum number of 4-vertex cycles containing any vertex, which means that (173) is reminiscent of the
‘girth is at least 5’ condition used, e.g., by Ajtai, Komlós, Pintz, Spencer and Szemerédi [1] and Kim [17] in
the analysis of the independence and chromatic number, respectively.

Finally, the discussion above raises the intriguing question whether assumption (5) is needed in Theorem 2
and Corollary 3, i.e., if the semi-random greedy independent set algorithm still constructs an independent
set I ⊆ V of size (7) if assumption (5) is dropped. Perhaps rashly, we speculate that in general some kind of
extra assumption is in fact needed (which does not rule out that assumption (5) can perhaps be relaxed if
one modifies the semi-random construction further).

Acknowledgements. We thank Dhruv Mubayi for encouraging us to include the pseudo-random properties
stated in Section 1.2.1.
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A Appendix: deferred proofs

This appendix only appears in the arXiv version of this paper: it contains some technical proofs deferred from
Section 1.1, Section 4.5.2 and Section 5 (which are somewhat tangential to the main arguments of the paper).

A.1 Auxiliary hypergraph for strictly 2-balanced graphs H (Section 1.1)
apx:auxiliaryhypergraph

Proof of Lemma 4. It suffices to prove the claim for H = HH . Given any edges, the maximum number of
H-copies containing that edge is at most O(nvH−2). Hence the maximum 1-degree of H readily satisfies

∆a ≤ AnvH−2

for some positive constant A > 0, establishing assumption (3).
To bound ∆a in assumption (4) from above, given any a edges for 2 ≤ a ≤ r − 1 = eH − 1 (a vertices

in hypergraph setting), we shall bound the number of ways to extend them to a copy of H. Let H0 ⊆ H be
a subgraph of H with a edges and minimum number of vertices. As 2 ≤ a ≤ r − 1, we have H0 ⊊ H and
vH0 ≥ 3. Note that

∆a = O(nvH−vH0 ) and D
r−a
r−1 = Θ

(
n
(vH−2)

eH−eH0
eH−1

)
Since H is strictly 2-balanced, it follows that (vH − 2)

eH−eH0

eH−1 > vH − vH0
. Hence there exists a constant

η ∈ (0, 1) such that, setting f = nη, we have

∆a ≤ D
r−a
r−1 /f,

establishing assumption (4).
Since the minimum degree is at least two, we also see that

Γ(H) = O(nvH−2−1) ≤ D/f

by choice of f = nη with η ∈ (0, 1), establishing assumption (5).
Finally, the verification of (6) is straightforward and left to the reader.

A.2 Smooth independence (Section 4.5.2)
sub:proofsofcliquesmoothetc

In this appendix we establish that several graphs have the smooth independence property, giving proofs that
were deferred from Section 4.5.2. The arguments are elementary and often boil down to verifying certain
technical inequalities (that are not particularly insightful, which is why they are deferred to this appendix).

A.2.1 Complete graph K4: proof of Lemma 49 (i) for ℓ = 4
apx:K4

Proof of Lemma 49 (i) for ℓ = 4. The general rule for τ and ϵ in this proof is that fτ and nϵ are tiny compared

to D, say f2τn30ϵ(log n)9 ≪ D
1

2(r−1) . Let us first discuss how we shall verify the two bounds (109) and (110).
In concrete words, B(W2 )

(i) defined in Section 4.2 here simply consists of all pairs g1 = {c, d} ∈ A0 with the

following property: there are at least f−τD
1

r−1 many pairs g2 = {x, y} ∈
(
W
2

)
and g1 ̸= g2 for which adding

both pairs g1, g2 to the edge-set Vi creates a copy of K4 containing both g1, g2 as edges. Motivated by the
fact that the pair g2 is either disjoint from g1 or not, we then introduce the following two sets

B
(1)

(W2 )
(i) :=

{
{c, d} ∈ A0 : there are ≥ 1

6
f−τD

1
r−1 many {u, v} ∈

(
W

2

)
with {u, v} ∩ {c, d} = ∅

such that

(
{c, d, u, v}

2

)
\ ({c, d}, {u, v}) ⊆ Vi

}
,

B
(2)

(W2 )
(i) :=

{
{c, d} ∈ A0 : there are ≥ 1

6
f−τD

1
r−1 many {d, u} ∈

(
W

2

)
with {d, u} ∩ {c, d} = {d}

for which there exists v ̸∈ {c, d, u} with

(
{c, d, u, v}

2

)
\ ({c, d}, {d, u}) ⊆ Vi

}
,

(174) eq:def:BW2
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which by definition satisfy B(W2 )
(i) ⊆ B

(1)

(W2 )
(i) ∪B(2)

(W2 )
(i). To verify (109), it thus is enough to show that

max
j∈{1,2}

∣∣B(j)

(W2 )
(i)
∣∣ ≤ 1

2
f−2τD

2
r−1 . (175) eq:K4:BW:goal

Turning to P(W2 )
(i) defined in Section 4.2, for j ∈ {1, 2} we similarly introduce the following two sets

P
(j)

(W2 )
(i) := B

(j)

(W2 )
(i) ∩ Vi,

which by definition satisfy P(W2 )
(i) ⊆ P

(1)

(W2 )
(i) ∪ P (2)

(W2 )
(i). To verify (110), it then is enough to show that

max
j∈{1,2}

∣∣P (j)

(W2 )
(i)
∣∣ ≤ 1

2
f−τD

1
r−1 . (176) eq:K4:PW:goal

We start by verifying the case j = 1 of both (175) and (176). To this end, we introduce

TW,1 :=
{
c : {c, d} ∈ B

(1)

(W2 )
(i) for some d

}
.

Then, for any c ∈ TW,1 and {c, d} ∈ B
(1)

(W2 )
(i), we have

|NVi
(c) ∩W | ≥ |NVi

(c) ∩NVi
(d) ∩W | ≥ 1√

6
f−

τ
2D

1
2(r−1) ,

where the second inequality holds by definition of B
(1)

(W2 )
(i), since otherwise {c, d} could form less than

( 1√
6
f−

τ
2D

1
2(r−1) )2 = 1

6f
−τD

1
r−1 copies of K4 with pairs {u, v} that are disjoint from {c, d}. Therefore

we arrive at the lower bound

|Vi ∩ (TW,1 ×W )| ≥ 1

2

∑
c∈TW,1

|NVi
(c) ∩W | ≥ 1

2
· 1√

6
f−

τ
2D

1
2(r−1) · |TW,1|. (177) eq:K4:lowerupper:doublecount

Using Lemma 52 we can also get an upper bound on |Vi ∩ (TW,1×W )| that holds with probability 1−n−ω(1)
for all such W simultaneously, leading to

1

2
√
6
f−

τ
2D

1
2(r−1) |TW,1| ≤ |Vi ∩ (TW,1 ×W )| ≤ max

{
4ϵ−1(|TW,1|+ |W |), p|TW,1| · |W |n2ϵ

}
. (178) eq:K4:lowerupper

Noting that |W | = Θ
(
(log n)1−

1
r−1D

1
r−1

)
and p = Θ(D− 1

r−1 ), it is easy to check that the term on the

left-most side of (178) is much larger than p|TW,1| · |W |n2ϵ, so only the first term in the maximum on the

right-hand side of (178) matters. Since f−
τ
2D

1
2(r−1) ≫ 1, it thus follows that (178) implies, say,

1

12
f−

τ
2D

1
2(r−1) |TW,1| ≤ 4ϵ−1|W |, (179) eq:K4:lowerupper:TW1

which together with |W | = Θ
(
(log n)1−

1
r−1D

1
r−1

)
implies

|TW,1| = O
(
(log n)1−

1
r−1 f

τ
2D

1
2(r−1)

)
. (180) eq:K4:bound:TW1

It then readily follows that

|B(1)

(W2 )
(i)| ≤ |TW,1|2 ≤ Θ

(
(log n)2−

2
r−1 fτD

1
r−1

)
≪ 1

2
f−2τD

2
r−1 , (181) BW1

44



establishing (175) for j = 1. Recalling that p = Θ(D− 1
r−1 ), using Lemma 52 we also obtain that, with

probability 1− n−ω(1), for all relevant sets W we have

|P (1)

(W2 )
(i)| ≤ |Vi ∩ (TW,1 × TW,1)| ≤ max

{
8ϵ−1|TW,1|, p · |TW,1|2 · n2ϵ

}
≤ Θ

(
(log n)1−

1
r−1 f

τ
2D

1
2(r−1)

)
≪ 1

2
f−τD

1
r−1 ,

(182) PW1

establishing (176) for j = 1.

It thus remains to verify the case j = 2 of both (175) and (176). For B
(2)

(W2 )
(i), let TW,2 be the collection

of all c as the notation in (174), that is

TW,2 :=
{
c : there exists d such that {c, d} ∈ B

(2)

(W2 )
(i)
}
.

Note that in the above definition, we have {c, u} ∈ Vi, which implies |NVi
(c)∩W | ≥ 1

6f
−τD

1
r−1 . Proceeding

similarly to (177), we thus obtain

|Vi ∩ (TW,2 ×W )| ≥ 1

2

∑
c∈TW,2

|NVi(c) ∩W | ≥ 1

2
· 1
6
f−τD

1
r−1 · |TW,2| =

1

12
f−τD

1
r−1 |TW,2|.

Using Lemma 52, similarly to (178) we now see that, with probability 1− n−ω(1), for all such W we have

1

12
f−τD

1
r−1 |TW,2| ≤ |Vi ∩ (TW,2 ×W )| ≤ max

{
4ϵ−1(|TW,2|+ |W |), p · |TW,2| · |W | · n2ϵ

}
. (183) eq:TW2lu

We now analyze this estimate similarly to (178)–(179) above. Noting that |W | = Θ
(
(log n)1−

1
r−1D

1
r−1

)
and p = Θ(D− 1

r−1 ), the term on the left-most side of (183) is much greater than p · |TW,2| · |W | · n2ϵ, so only

the first term in the maximum on the right-hand side matters. Since f−τD
1

r−1 ≫ 1, then (183) implies that

|TW,2| ≤ 96ϵ−1|W |fτ/D
1

r−1 = O
(
(log n)1−

1
r−1 fτ

)
. (184) eq:TW2

We now claim that
max
c∈TW,2

∣∣∣{d : {c, d} ∈ B
(2)

(W2 )
(i)
}∣∣∣ ≤ fτ log n, (185) eq:upperboundond

which suffices to complete the proof of Lemma (i) for ℓ = 4. Indeed, by combining the definition of |TW,2|
and (184) with the estimate (185), we then obtain

|P (2)

(W2 )
(i)| ≤ |B(2)

(W2 )
(i)| ≤ |TW,2| · fτ log n ≤ Θ

(
(log n)2−

1
r−1 f2τ

)
≪ 1

2
f−τD

1
r−1 ≤ 1

2
f−2τD

2
r−1 , (186) PW2

which establishes the remaining case j = 2 of both (175) and (176), as desired.
It thus remains to prove (185), which is based on a case-by-case analysis. To avoid clutter, for any {c, d} ∈

B
(2)

(W2 )
(i) we write Uc,d be the collection of all vertices u that appear in the definition (174) of B

(2)

(W2 )
(i) with

respect to {c, d}. Note that Uc,d ⊆W , and that by definition of B
(2)

(W2 )
(i), we have

|Uc,d| ≥
1

6
f−τD

1
r−1 .

Fixing c ∈ TW,2, we are going to find an upper bound on |Uc,d ∩ Uc,d′ | for distinct d, d′. Note that for

{c, d} and {c, d′} in B
(2)

(W2 )
(i) and u ∈ Uc,d ∩ Uc,d′ , there are two copies H with vertex-set {c, d, u, v} and

H ′ with vertex-set {c, d′, u, v′} of K4 minus two edges sitting on {c, d, u} and {c, d′, u} in Vi, respectively.
Then the number of such extensions H ∪ H ′ on {c, d, d′} is an upper bound on |Uc,d ∩ Uc,d′ |. There are
two possible graphs G1, G2 that are isomorphic to H ∪ H ′ depending on whether v = v′ or not: G1 has 5
vertices c̃, d̃, d̃′, ũ, ṽ and 5 edges {c̃, ũ}, {c̃, ṽ}, {ũ, ṽ}, {d̃, ṽ}, {d̃′, ṽ}; G2 has 6 vertices c̃, d̃, d̃′, ũ, ṽ, ṽ′ and 7
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edges {c̃, ũ}, {c̃, ṽ}, {c̃, ṽ′}, {ũ, ṽ}, {ũ, ṽ′}, {d̃, ṽ}, {d̃′, ṽ}. Let A = {c̃, d̃, d̃′} and an injection ϕ : A → [n] is
defined as ϕ(c̃) = c, ϕ(d̃) = d, ϕ(d̃′) = d′. Then the number of desired extensions H ∪ H ′ is the right-hand
side of the following, hence

|Uc,d ∩ Uc,d′ | ≤ Nϕ,G1
(Vi) +Nϕ,G2

(Vi),

where Nϕ,Gi
(Vi) is defined in Section 4.5.1. By Corollary 55, we have Nϕ,Gj

≤ n28ϵmaxA⊆B⊆VGj
SB,Gj

.

With p = n−2/5 in mind, it is routine to check maxA⊆B⊆VG1
SB,G1

= SA∪{ṽ},G1
= np2 = n1/5 and

maxA⊆B⊆VG2
SB,G2 = SA,G2 = n3p7 = n1/5. Therefore

|Uc,d ∩ Uc,d′ | ≤ n29ϵn1/5.

After these preparations, we are now ready to complete the proof. For a fixed c ∈ TW,2, assume there

are distinct d1, . . . , dκ with {c, dj} ∈ B
(2)

(W2 )
(i) for j = 1, . . . , κ. Aiming at a contradiction, assume that κ ≥

fτ log n. For j = ⌊fτ log n⌋, in view of |W | = Θ
(
(log n)1−

1
r−1D

1
r−1

)
it then follows that∣∣∣ ⋃

1≤b≤j

Uc,db

∣∣∣ ≥ ∑
1≤b≤j

|Uc,db | −
∑

1≤a,b≤j:a̸=b

|Uc,da ∩ Uc,db |

≥ j

6
f−τD

1
r−1 − j2

2
n29ϵn1/5 = Θ

(
D

1
r−1 log n

)
≫ |W |,

which contradicts that
⋃

1≤b≤j Uc,db ⊆ W (as observed above). Hence κ ≤ fτ log n, which establishes (185)
and thus completes the proof of Lemma (i) for ℓ = 4.

A.2.2 Complete bipartite graph Ka,a: proof of Lemma 49 (iii)
apx:smooth:indep:Kab

Lemma 49 (iii) follows from the following more general smoothness result for Ka,b.

completebipartitesmooth:general Lemma 61. The complete bipartite graph Ka,b with fixed a, b ≥ 3 has the smooth independence property
if ab− 2(a+ b) + 3 > 0, a2 − 3a+ 3 > b, and b2 − 3b+ 3 > a. For fixed a, b ≥ 4, a sufficient condition for
these inequalities to hold is a ≥

√
b+ 2 and b ≥

√
a+ 2, which in particular holds when a = b.

Proof of Lemma 61 via Lemma 56. ForH = Ka,b, and for two edges {x, y}, {u, v} withH− := H\{u, v}, and
{x, y} ⊊ B ⊊ vH− , we may assume |B| = z1 + z2 for some 1 ≤ z1 ≤ a, 1 ≤ z2 ≤ b and 3 ≤ z1 + z2 ≤ a+ b− 1.
As the assumption of Lemma (iii) guarantees that the minimum degree of H is at least 3, by the conclusion

of Lemma 56 it remains to show for p = n−
a+b−2
ab−1 that

SB,H− = na+b−z1−z2pab−z1z2−1 = na+b−z1−z2n−
a+b−2
ab−1 (ab−z1z2−1) < 1

holds for all z1, z2 in the range described as above. It thus is enough to show that

(a+ b− z1 − z2)−
a+ b− 2

ab− 1
(ab− z1z2 − 1) < 0,

or equivalently

g(z1, z2) :=(a+ b− 2)(ab− z1z2 − 1)− (ab− 1)(a+ b− z1 − z2)

=ab(z1 + z2)− (a+ b)z1z2 − 2ab+ 2z1z2 + 2− (z1 + z2) > 0

for all possible z1, z2. Note that

∂g

∂z1
= ab− (a+ b)z2 + 2z2 − 1 = −(a+ b− 2)z2 + (ab− 1).

Therefore {
∂g
∂z1

≥ 0 if z2 ≤ ab−1
a+b−2 ,

∂g
∂z1

≤ 0 if z2 ≥ ab−1
a+b−2 .
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This implies that if z2 ≤ ab−1
a+b−2 is fixed, then g(·, z2) is an increasing function with respect to z1. Furthermore,

if z2 ≥ ab−1
a+b−2 is fixed, then g(·, z2) is an decreasing function with respect to z1. It follows that{

∂g
∂z2

≥ 0 if z1 ≤ ab−1
a+b−2 ,

∂g
∂z2

≤ 0 if z1 ≥ ab−1
a+b−2 .

Therefore if z2 ≤ ab−1
a+b−2 , then

g(z1, z2) ≥ min{g(1, z2), g(2, z2)} ≥ min{g(1, 2), g(2, 1)},

if 1 ≤ 2 ≤ ab−1
a+b−2 (which is true by our assumption). And it is not hard to check g(1, 2) = g(2, 1) =

ab− 2(a+ b) + 3 > 0 by our assumption. If z2 ≥ ab−1
a+b−2 , then

g(z1, z2) ≥ min{g(a, z2), g(a− 1, z2)} ≥ min{g(a, b− 1), g(a− 1, b)},

if a ≥ a−1 ≥ ab−1
a+b−2 (which is true by our assumption). And it is not hard to check g(a, b−1) = a2−3a−b+3 >

0 and g(a− 1, b) = b2 − 3b− a+ 3 > 0 by our assumption, completing the proof.

A.2.3 Cube Qk: proof of Lemma 49 (iv)
apx:smooth:indep:Qk

Proof of Lemma 49 (iv) via Lemma 56. As a well-known fact, for any subgraph G of Qk, average degree
of G is at most log2 vG (see Lemma 4.1 in [12], for example), therefore the number of edges in G is at

most vG log2 vG
2 , so that eG ≤

⌊ vG log2 vG
2

⌋
. Therefore, for H = Qk and any two edges {x, y}, {u, v}, setting

H− := H \ {u, v} and p = n
− 2k−2

k·2k−1−1 , by the conclusion of Lemma 56 it remains to show that

SB,H− = nvH−−|B|peH−−eH−[B] ≤ n2
k−|B|pk·2

k−1−1−
⌊

|B| log2 |B|
2

⌋
< 1

for all {x, y} ⊊ B ⊊ VH with 3 ≤ |B| =: z ≤ 2k − 1. It thus is enough to show that

(2k − z)− 2k − 2

k · 2k−1 − 1

(
k · 2k−1 − 1−

⌊z log2 z
2

⌋)
< 0,

which is equivalent to

(2k − z)(k · 2k−1 − 1) < (2k − 2)
(
k · 2k−1 − 1−

⌊z log2 z
2

⌋)
, (187) floorbound

for all 3 ≤ z ≤ 2k − 1. Note that

λ(z) :=(2k − 2)
(
k · 2k−1 − 1− z log2(z)/2

)
− (2k − z)(k · 2k−1 − 1)

=zk2k−1 − z − 2k−1z log2 z − 2k · 2k−1 + 2 + z log2 z > 0

for all 3 ≤ z ≤ 2k−1 will imply that (187) holds for all 3 ≤ z ≤ 2k−1. We have

λ′(z) = −(2k−1 − 1) log2 z +
(
k · 2k−1 − 1− 2k−1 1

ln 2
+

1

ln 2

)
.

For 3 ≤ z ≤ 2k−1, we thus se that λ attains its minimum at either 3 or 2k−1. For k ≥ 5, we have

λ(2k−1) = 2k−1k · 2k−1 − 2k−1 − 2k−12k−1 log2(2
k−1)− 2k · 2k−1 + 2 + 2k−1 log2(2

k−1)

= 2k−1(2k−1 − 2k) + 2k−1(k − 2) + 2 > 0,

and
λ(3) = (k − 3 log2 3) · 2k−1 + (3 log2 3− 1) > 0.

For 2k−1 + 1 ≤ z ≤ 2k − 1, to show that (187) holds, firstly we are going to show

z log2 z < zk − (2k − z).
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Set t := 2k − z, then 1 ≤ t ≤ 2k−1 − 1. Our goal is equivalent to showing that

(2k − t) log2(2
k − t) = (2k − t)

(
log2

(2k − t

2k

)
+ k

)
< (2k − t)k − t,

or, equivalently, to

(2k − t) log2

(
1− t

2k

)
< −t

for all 1 ≤ t ≤ 2k−1 − 1. Set g(t) := (2k − t) log2
(
1− t

2k

)
+ t, then

g′(t) = − log2

(
1− t

2k

)
+ (2k − t)

1

(1− t
2k
) ln 2

(
− 1

2k

)
+ 1 = − log2

(
1− t

2k
)
− 1

ln 2
+ 1,

is a monotone strictly increasing function when 0 ≤ t ≤ 2k−1, with g′(0) = 1− 1
ln 2 < 0 and g′(2k−1) =

2− 1
ln 2 > 0. Therefore when 0 ≤ t ≤ 2k−1, as t increasing, g strictly decreasing first and then strictly increas-

ing, so g attains maximum at t = 0 or 2k−1. Note that g(0) = g(2k−1) = 0. Therefore max1≤t≤2k−1−1 g(t) <
g(0) = g(2k−1) = 0. It follows that

z log2 z < zk − (2k − z)

for 2k−1 + 1 ≤ z ≤ 2k − 1. Then for some ϵ0 > 0, we have⌊z log2 z
2

⌋
≤
⌊zk − (2k − z)− ϵ0

2

⌋
.

Since k is odd, therefore zk − (2k − z) is even. So⌊z log2 z
2

⌋
≤
⌊zk − (2k − z)− ϵ0

2

⌋
≤ zk − (2k − z)− 2

2
.

Go back to (187), it is enough to show for 2k−1 + 1 ≤ z ≤ 2k − 1,

h(z) := (2k − 2)

(
k · 2k−1 − 1− zk − (2k − z)− 2

2

)
− (2k − z)(k · 2k−1 − 1) > 0.

Factoring h we infer that

h(z) = (2k − z)(2k−1 − k),

which is strictly greater than 0 when 2k−1 + 1 ≤ z ≤ 2k − 1 and k ≥ 5, completing the proof.

A.3 Pseudo-random vertex-distribution (Section 5)
sub:proofoflowerboundpseudorandom

In this appendix we complete the proof of Theorem 58, by giving the proof of the lower bound in (169) that
was deferred from Section 5. This proof is conceptually similar to the upper bound proof in (169) given
in Section 5, but here we need to use more involved events to guarantee that certain vertices are added (these
events are rather technical and not very insightful, which is why they are deferred to this appendix).

Proof of lower bound in (169). Keeping the setup and notations from the proof of Theorem 58 in Section 5,
for step ℓ, let h(ℓ) be the smallest mp for p = 1, . . . , κ̃ satisfying mp > ℓ. For later reference, we call steps mp

‘inclusion steps’. In each step ℓ, we need to guarantee ∪κ̃q=h(ℓ)Jq, the inclusion steps of whose vertices are

later, stays in Aℓ, which in turn means their intersection with Γℓ ∪ Cℓ ∪r−1
z=2 C

(z)
ℓ must be empty. With this

in mind we define

Cℓ :=
{
(∪κ̃q=h(ℓ)Jq) ∩ (Γℓ ∪ Cℓ ∪2≤z≤r−1 C

(z)
ℓ ) = ∅

}
. (188) eq:def:cConell

Furthermore, in an inclusion step mp, we want Jp to be included in Γmp , and none of its vertices is removed,
i.e., Jp ∩ V (Dmp) = ∅. (And, of course, ∪κ̃q=h(mp)

Jq, the inclusion steps of whose vertices are later, should

stay in Amp , as discussed earlier.) For Jp to be included in Γmp , we define

Rmp
:=
{
Jp ⊆ Γmp

}
.
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Note that if all the edges e with e ∩ Jp ̸= ∅ satisfy

e \ Jp ̸⊆ Vmp = Vmp−1 ∪ Γmp , (189) eq:reqdanger

then {Jp ∩ V (Dmp
) = ∅} holds.

There are two types of edges in danger of violating (189). The first type of ‘dangerous” edges e are those
satisfying e∩ Jp ̸= ∅, (e \ Jp) ⊆ Amp−1 ∪ Vmp−1, and (e \ Jp)∩Amp−1 ̸= ∅. If (e \ Jp)∩Amp−1 ⊆ Γmp , then
it violates (189). Therefore we define the ‘safeguard’ event for inclusion step mp as

Sinmp
:=

⋂
e: e∩Jp ̸=∅,

(e\Jp)⊆Amp−1∪Vmp−1,

(e\Jp)∩Amp−1 ̸=∅

{
(e \ Jp) ∩Amp−1 ̸⊆ Γmp

}
(190) eq:def:Safinmp

to prevent the first type of dangerous edges e violating (189).
The second type of dangerous edges e are those satisfying e ∩ Jp ̸= ∅ and (e \ Jp) ⊆ Vmp−1. Note that

∩1≤ℓ≤mp−1Cℓ already prevents the occurrence of those second type of dangerous edges e with |e ∩ Jp| = 1,
since otherwise the single vertex in e∩Jp is in ∪1≤ℓ≤mp−1Cℓ, a contradiction. Hence to avoid the occurrence
of the remaining second type of dangerous edges e, i.e., those with |e ∩ Jp| ≥ 2, we define a prevention
safeguard event for each step ℓ as

Sℓ =
⋂

e: |e∩(∪κ̃
q=h(ℓ)Jq)|≥2,(

e\(∪κ̃
q=h(ℓ)Jq)

)
⊆Aℓ−1∪Vℓ−1,(

e\(∪κ̃
q=h(ℓ)Jq)

)
∩Aℓ−1 ̸=∅

{(
e \ (∪κ̃q=h(ℓ)Jq)

)
∩Aℓ−1 ̸⊆ Γℓ

}
. (191) eq:def:Safell

Define

E∗ :=

κ̃⋂
p=1

(Rmp
∩ Sinmp

)

mκ̃−1⋂
ℓ=1

(Cℓ ∩ Sℓ) ∩ X≤i, (192) def:Evstar

and let E∗
j be the events that the first j steps are compatible with the event E∗. By the above analysis, the

event E∗ implies the event {∪κ̃p=1Jp ⊆ Ii} ∩ X≤i in (169).
Then we move on to bound the probability

P(E∗) =
∏

1≤ℓ≤i

P(E∗
ℓ | E∗

ℓ−1)

from below. Since P(¬Xi) ≤ N−ω(1), later on it can inductively be shown that

P(E∗
ℓ−1) ≥ N−Θ(1) (193) eq:lowerboundcEv^*ell

and thus
P(¬Xℓ | E∗

ℓ−1) = N−ω(1) (194) eq:probbadeventell

for all 1 ≤ ℓ ≤ i, which is negligible compared to the probabilities bounds that follow.
We start with steps 1 ≤ ℓ ≤ mκ̃ such that ℓ ̸= mp for all 1 ≤ p ≤ κ̃. We rewrite the event Cℓ defined

in (188) as

Cℓ = {(∪κ̃q=h(ℓ)Jq) ∩ Cℓ = ∅}︸ ︷︷ ︸
=:Cℓ,1

∩{(∪κ̃q=h(ℓ)Jq) ∩ Γℓ = ∅}︸ ︷︷ ︸
=:Cℓ,2

∩{(∪κ̃q=h(ℓ)Jq) ∩ (∪2≤z≤r−1C
(z)
ℓ ) = ∅}︸ ︷︷ ︸

=:Cℓ,3

,

and infer

P(E∗
ℓ | E∗

ℓ−1) = P(∩3
j=1Cℓ,j ∩ Sℓ ∩ Xℓ | E∗

ℓ−1)

≥ P(Cℓ,1 | E∗
ℓ−1)− P(¬Cℓ,2 | E∗

ℓ−1)− P(¬Cℓ,3 | E∗
ℓ−1)− P(¬Sℓ | E∗

ℓ−1)− P(¬Xℓ | E∗
ℓ−1). (195) eq:lowerprobcase1
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In the following we shall estimate all the terms in (195), where we think of P(Rℓ | E∗
ℓ−1) as the main term.

Note that, by Lemma 60, we have

P(Cℓ,1 | E∗
ℓ−1) ≥ (1− σ1+ρ/2π

max{r−3,0}
ℓ−1 )

( qℓ
qℓ−1

)∑κ̃
q=h(ℓ) |Jq|

. (196) eq:error1cl1

Using the fact that | ∪κ̃q=h(ℓ) Jq)| ≤ κ, we also infer that

P(¬Cℓ,2 | E∗
ℓ−1) ≤ κpℓ−1 (197) eq:errorcl2

and

P(¬Cℓ,3 | E∗
ℓ−1) ≤

r−1∑
z=2

κ · max
v∈A0

|Yv,z(ℓ− 1)| · pzℓ−1. (198) eq:errorcl3

For any edge e, we have |e ∩ (∪κ̃q=h(ℓ)Jq)| ≤ r − 1 by the fact that {v1, . . . , vκ} contains no edge of H. Once

we know the sizes a = |e ∩ (∪κ̃q=h(ℓ)Jq)| and j = |
(
e \ (∪κ̃q=h(ℓ)Jq)

)
∩ Aℓ−1|, the number of the edges e in the

definition (191) of Sℓ is at most
(∑κ̃

q=h(ℓ) |Jq|
a

)
·∆a,r−a−j(ℓ− 1). Therefore

P(¬Sℓ | E∗
ℓ−1) ≤

min{r−1,
∑κ̃

q=h(ℓ) |Jq|}∑
a=2

r−a∑
j=1

(∑κ̃
q=h(ℓ) |Jq|

a

)
·∆a,r−a−j(ℓ− 1) · pjℓ−1. (199) eq:Sellneqmp

To estimate (198), using Xℓ−1 ⊆ Yℓ−1, πj ≥ σ, and ρ < 1, for 2 ≤ z ≤ r − 1 (which enforces r ≥ 3) we have

pzℓ−1 max
v∈A0

|Yv,z(ℓ− 1)| ≤
( σ

qℓ−1D
1

r−1

)z(r − 1

z

)
qzℓ−1π

r−1−z
ℓ−1 D

z
r−1

≤
(
r − 1

z

)
σ1+ρ/2π

max{r−3,0}
ℓ−1 σ1−ρ/2

≪ σ1+ρ/2π
max{r−3,0}
ℓ−1 .

To estimate (197) and (199), using Xℓ−1 ⊆ Nℓ−1, (20), and (40) from Lemma 18, for 2 ≤ a ≤ r − 1,
1 ≤ j ≤ r − a similarly we have

max{κpℓ−1, ∆a,r−a−j(ℓ− 1) · pjℓ−1} ≪ σ1+ρ/2π
max{r−3,0}
ℓ−1 .

Putting (197), (198), and (199) together, we obtain

P(¬Cℓ,2 | E∗
ℓ−1) + P(¬Cℓ,3 | E∗

ℓ−1) + P(¬Sℓ | E∗
ℓ−1) = o(σ1+ρ/2π

max{r−3,0}
ℓ−1 ). (200) eq:cl2cl3s

Combining (195), (196), and (200), and using the fact that qℓ
qℓ−1

∼ 1 by Remark 28, we obtain

P(E∗
ℓ | E∗

ℓ−1) ≥ (1− 2σ1+ρ/2π
max{r−3,0}
ℓ−1 )

( qℓ
qℓ−1

)∑κ̃
q=h(ℓ) |Jq|

. (201) eq:lowerprobcase11

Next we turn to inclusion step ℓ = mp for some 1 ≤ p ≤ κ̃. We have

P(E∗
ℓ | E∗

ℓ−1)

=P(Rℓ ∩ Cℓ ∩ Sinℓ ∩ Sℓ ∩ Xℓ | E∗
ℓ−1)

≥P(Rℓ | E∗
ℓ−1)P(Cℓ ∩ Sinℓ ∩ Sℓ | Rℓ ∩ E∗

ℓ−1)− P(¬Xℓ | E∗
ℓ−1)

≥P(Rℓ | E∗
ℓ−1)

(
1− P(¬Cℓ | Rℓ ∩ E∗

ℓ−1)− P(¬Sinℓ | Rℓ ∩ E∗
ℓ−1)− P(¬Sℓ | Rℓ ∩ E∗

ℓ−1)
)
− P(¬Xℓ | E∗

ℓ−1). (202) eq:prodofprob

Note that
P(Rℓ | E∗

ℓ−1) = p
|Jp|
ℓ−1. (203) eq:prodofprob1
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In the following we shall analyze the remaining terms in (202) term by term, where we think of P(Rℓ | E∗
ℓ−1)

as the main term. We rewrite Cℓ defined in (188) as

Cℓ = {∪κ̃q=h(ℓ)Jq ∩ Γℓ = ∅}︸ ︷︷ ︸
:=Cin

ℓ,1

⋂
{∪κ̃q=h(ℓ)Jq ∩ Sℓ = ∅}︸ ︷︷ ︸

:=Cin
ℓ,2

⋂
∩u∈∪κ̃

q=h(ℓ)
Jq ∩

r−1
z=1 ∩W∈Yu,z(ℓ−1){W ̸⊆ Γℓ}︸ ︷︷ ︸

:=Cin
ℓ,3

. (204) eq:rewritecConell

We have

P(¬Cinℓ,1 | Rℓ ∩ E∗
ℓ−1) ≤ κpℓ−1 = o((log f)−2). (205) eq:rewriteCell1

By (24), (20), (39), and Bernoulli’s inequality (1− x)y ≥ 1− xy for x ∈ (0, 1) and y ∈ {0} ∪ [1,∞), we have

P(¬Cinℓ,2 | Rℓ ∩ E∗
ℓ−1) ≤ κ max

v∈Aℓ−1

p̂v,ℓ−1 ≤ κ · pi(r − 1)qi
(
πr−2
i + σρπ

max{r−3,0}
i

)
D

1
r−1 = o((log f)−2). (206) eq:rewriteCell2

For Cinℓ,3, we distinguish the size of a = |W ∩Jp| for W ∈ Yu,z(ℓ−1) for some u ∈ ∪κ̃q=p+1Jq and 1 ≤ z ≤ r−1.

We have 0 ≤ a < r − 1, since ∪κ̃q=1Jq contains no edge of H. If a = 0, then their contribution is at most the
first part of (207). If 1 ≤ a ≤ min{r − 2, |Jp|}, the safeguard events ∩1≤t≤mp−1St ensure that W \ Jp ̸= ∅:
otherwise let e be an edge such that u ∈ e, W = e∩Aℓ−1 ⊆ Jp, and e \ ({u}∪W ) ⊆ Vℓ−1 by the definition of
W ∈ Yu,z(ℓ− 1), but the occurrence of such e is prevented by ∩1≤t≤mp−1Sℓ since |e∩ (∪κ̃q=pJq)| ≥ 2. Setting
1 ≤ j = |W \ Jp| ≤ r − (a + 1) and using W \ Jp ⊆ Aℓ−1, their contribution is at most the second part
of (207). Summing up, we have

P(¬Cinℓ,3 | Rℓ ∩ E∗
ℓ−1)

≤
κ̃∑

q=p+1

|Jq|
( r−1∑
z=1

max
u∈A0

|Yu,z(ℓ− 1)| · pzℓ−1 +

min{r−2, |Jp|}∑
a=1

r−a−1∑
j=1

(
|Jp|
a

)
∆a+1,r−a−1−j(ℓ− 1) · pjℓ−1

)
=o((log f)−2).

(207) eq:rewriteCell3

Combining (204) with (205)– (207), we have

P(¬Cℓ | Rℓ ∩ E∗
ℓ−1) = o((log f)−2). (208) eq:probrewriteCell

By distinguishing the size of 1 ≤ a = |e ∩ Jp| ≤ min{r − 1, |Jp|} and j = |(e \ Jp) ∩ Amp−1| to bound the
number of edges e in the definition of Sinℓ , we infer

P(¬Sinℓ | Rℓ ∩ E∗
ℓ−1)

≤
(
|Jp|

r−1∑
j=1

max
v∈A0

|Yv,j(ℓ− 1)| · pjℓ−1 +

min{r−1, |Jp|}∑
a=2

r−a∑
j=1

(
|Jp|
a

)
∆a,r−a−j(ℓ− 1) · pjℓ−1

)
= o((log f)−2).

(209) eq:prodofprob3

Similar as (199), we obtain

P(¬Sℓ | Rℓ ∩ E∗
ℓ−1) ≤

min{r−1,
∑κ̃

q=p+1 |Jq|}∑
a=2

r−a∑
j=1

(∑κ̃
q=p+1 |Jq|

a

)
·∆a,r−a−j(ℓ− 1) · pjℓ−1 = o((log f)−2). (210) eq:prodofprob4

By (202), combining (208), (209), and (210) with (203) and (194), we have

P(E∗
ℓ | E∗

ℓ−1) ≥ (1− o(log f)−2)
( σ

qmp−1D
1

r−1

)|Jp|
. (211) eq:prodofprobtotal

Next we turn to the steps satisfying mκ̃ < ℓ ≤ i, which requires one extra technical estimate. Namely,

multiplying (201) and (211) up to step mκ̃, using mσ
1+ρ/2π

max{r−3,0}
i ≪ 1 (see (15) together with (39) from

Lemma 18) and qt−1/qt ≤ 1 + O(σ1/2) (see Remark 28), verifies (193) for ℓ − 1 = mκ̃. Closely inspecting
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the event E∗
ℓ−1 that the first ℓ steps are compatible with the event E∗ defined in (192), using (194) it thus

inductively follows that, for mκ̃ < ℓ ≤ i,

P(E∗
ℓ | E∗

ℓ−1) = 1− P(¬Xℓ | E∗
ℓ−1) ≥ 1−N−ω(1). (212) eq:pseudorandomlower3

Finally, by multiplying (201), (211), and (212) over all steps, using mσ1+ρ/2π
max{r−3,0}
i ≪ 1 (see (15)

and (39) in Lemma 18) and similar cancellation as the computation in the upper bound, it follows that

P(E∗) ≥ (1 + o(1))
( σ

D
1

r−1

)κ
,

completing the proof of the lower bound in (169) by multiplying with all iκ possibilities (similar as we did
in Section 5, for the proof of the corresponding upper bound).
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